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ABSTRACT

In the present paper, we shall prove a fixed point theorem by using generalized weak C- contraction of integral
type. Our result is generalization of very known results.
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1 Introduction and Preliminaries
Let (X, d) be a complete metric space and T: X — X a self-map of X. Suppose that Fy={x € X|T(x) = x} is
the set of fixed points of f. The classical Banach’s fixed point theorem is one of the pivotal results of functional

analysis. by using the following contractive definition: there exists k€ [0, 1) such that ¥ x,y € X , we have
d(Tx,Ty) <kd (x,y) . (1.1

If the metric space (X,d) is complete then the mapping satisfying (1.1) has a unique fixed point .
Inequality (1.1) implies continuity of T. A natural question is that whether we can find contractive conditions
which will imply existence of fixed point in a complete metric space but will not imply continuity .

Kannan [10,11] established the following result in which the above question has been answered in the
affirmative.

If T:X —» X where (X,d) is complete metric space, satisfies the inequality

d(Tx, Ty) <k[d (x,Tx) +d(y,Ty)] (1.2)

where 0< k < % and X,y € X, then T has a unique fixed point.

The mapping T need not be continuous .The mapping satisfying (1.2) are called Kannan type mappings.
There is a large literature dealing with Kannan type mappings and their generalization some of which are
noted in [8] ,[17] and [19].

A similar contractive condition has been introduced by Chatterjee [6]. We call this contraction a C-
contraction.

Definition1.1 C-contraction

LetT:X — X where (X,d) is a metric space is called a C — contraction if there exists 0< k < % such that for

all x, y € X the following inequality holds:
d(Tx, Ty) <k[d (x,Ty) +d(y,Tx)] (1.3)

Theorem 1.1 A C- contraction defined on a complete metric space has a unique fixed point.
In establishing theorem 1.1 there is no requirement of continuity of the C-contraction.
It has been established in [15] that inequalities (1.1),(1.2) and (1.3) are independent of one another. C-
contraction and its generalizations have been discussed in a number of works some of which are noted in
[4],08], [9] and [19].
Banach’s contraction mapping theorem has been generalized in a number of recent papers. As for example,
asymptotic contraction has been introduced by Kirk[12] and generalized Banach contraction conjecture has
been proved in [1] and [14].
Particularly a weaker contraction has been introduced in Hilbert spaces in[2].The following is the
corresponding definition in metric space.
Definition1.2 Weakly contractive mapping
A mapping T:X — X where (X,d) is complete metric space is said to be weakly contractive if d(Tx,Ty) <

d(x,y) —¥(d(x,y)), (1.4)
Where x,y € X , ¥ :[0,00) = [0,00) is continuous and non-decreasing,

W (x) =0 ifand only if x =0 and lim,_,, § (x) = oo.
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There are a number of works in which weakly contractive mappings have been considered. Some of these works
are noted in [3],[7],[13], and [16].

In the present work in the same spirit we introduce a generalization of C- contraction.

Definition1.3 Weak C- contraction:

A mapping T : X —» X, where (X,d) is a metric space is said to be weakly C — contractive or a weak C-
contraction if for all x,y € X,

d(Tx, Ty) < [d (xTy) +d(y,TX)] =¥ (d (x,Ty), d(y,Tx) ) (1.5)
where  W: [0, )2 - [0,00) isa continuous mapping such that W (xy)=0 ifand only if x=y=0.

If we take W (x,y) = k(x+y) where 0< k < % then (1.5) reduces to (1.4), that is weak C — contractions are
generalizations of C — contractions.
In a recent paper of Branciari [20] obtained a fixed point result for a single mapping satisfying an analogue of
a Banach’s contraction principle for integral type inequality as below: there exists ¢ € [0,1) such that ¥ x,y
€ X , we have
[T ot <kf, ‘7 p(v)dt
Where ¢ : RT - R* is a Lebesgue — integrable mapping which is summable, non-negative and such that for
each € >0, foerp(t)dt >0.
Our main result is extended and modified to the weak C — contraction mapping in integral type .
MAIN RESULT
Let T:X —> X where (X,d) is complete metric space be a weak C-contraction, which is satisfying the
following property:
fod(Tx,Ty) (p(t)dt <a fod(x,Ty)+d(y,Tx) (p(t)dt I B fomax{ d(x,Tx),d(y,Ty)} (p(t)dt

_ folll{d(x,Ty),d(y,TX),d(x.Tx),d(y,Ty)} o(t)dt @.1)

Then T has a unique fixed point.
Where a,f €[0,1) with 2a+ B <1 and ¢:R* > R*' is a Lebesgue — integrable mapping which is
summable,non negative and such that for each € >0, f0€<p(t)dt >0 and W:[O, ®)? - [0,00) is a

continuous mapping such that W/ (x,y) =0 ifand only if x=y=0.
Proof : Letx, €Xandforalln>1, x,,,=Tx, .
If x,41=x,=Tx,. Then x, isa fixed pointof T.
So we assume,x, 1 # Xj.
Putting x=x,_; and y=x, in (2.1) we have for all n= 0,1,2, .......
fod(xnrxnﬂ)w(t)dt _ fod(Txn_l'Txn)QD(t)dt
< afod(xn—lr Txn)"'d(xanxn—l)(p(t)dt

+ ,B fomax {d(xn-1,Txn-1),d(xn,Txn)} (p(t)dt

_ folll {d(xn-1,Txn),d(xnTxn-1),d(xn—1,Txn-1),d (xn,Txn)} ® (t)dt

« fod(xn—p xn+1)+d(xwxn)§0(t)dt

+B fomax {d(xn-1.4n).d(xnXn+1)} p(t)dt
_ folIJ {dGn-1, *n+1),d(xnxn),d(xn-1.xn),d(Xn,xn+1)} P(t)dt
Since T is Weakly C — contraction, this gives that
Y {d(xn-1, Xn41),0,d0_1,%,), d(xp, Xny1)} =0 and
fod(xnrxn+1) p)dt < a fod(xn—lv Xn+1) o(t)dt
y; fomax {dGrn-1.x0).d(xnxn+1)} @(t)dt 2.2)

Now here arise two cases:
Case I: - If we choose

max { d(xp_1, %), d(Xp, Xpy1) } = d(Xn_1, %)
Then (2.2) can be written as

d(xn.xXn41) d(xp—1, xn) d(xpn, Xn41)
S, p(e)dt < a{?( ot )" @(®)dt +a [T T g(0)dt
Xn—-1.Xn
+B [, T p(t)dt
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d(xn,xn+1) d(xn—1,%n)
(1-a) [T o@)dt= (@ + ) [T p(t)dt
fod(xn'xm—l)(,ﬂ(f)dt _ tit:[j fod(xn_l'xn)(,ﬂ(t)dt

fod(x"'x"“) p(t)dt SKde(x"_l'x”) @ (t)dt where k = % <1
Case 2 ::- If we choose
max { d(xn—li xn): d(xn: xn+1) } = d(xn' xn+1)
Then (2.2) can be written as

d(Cen.Xn+1) d(xp-1, xn) d(xn, xn+1)
Js p)dt < a | p(t)dt +a [, o(t)dt

+B fod(xnrxnﬂ)qa(t)dt
L@+ 8] fod(xnrxn+1) o()dt = a fod("n—l' ) o) dt
) oy g = S [ ) o (dt
fod(xnrxn+1)(p(t)dt < kfod("”—l'x") p(t)dt ,where k= ﬁ <1 (2.3)

From above both cases:
fod(xnrxnﬂ)w(t)dt < k2 fod(xn—ern—1)¢(t)dt
< k3 fd(xn_3 'Xn_Z)(p(t)dt

0

< k" fod(x" D o (t)dt

Taking limit as n — oo , we get

limy o, [““" ™ o (0)de =0, as kE [0,1) (2.4)
Now we prove that {x,} is a Cauchysequence. Suppose it is not.Then there exists an & > 0 and sub sequence
{ym(p)}and {yn(p)}such that
M(p) << n(p) == m(p+1) with
d(npy Xm@)2 & A(Xnm)—1 Xmp) )< € (2.5)
Now
d(Xm(p)-1 Xn@)-1)S A(Xm@p)-1- ¥m@) + AXme) Xnp)-1)

< d(xm(p)_l,xm(p)) + ¢ (2.6)
From (2.4), (2.6), we get

lim [ @00 @)t < [ p(0)de 2.7)
Using (2.3), (2.5), and (2.7) we get,
fogtp(t)dt < fod(xn(P)'xm(P)) qD(t)dt

{_:kfod(xn(p)—rxm(p)—ﬂ (p(t)dt

=k[ p(t)dt

Which is contradiction, since ki= (0, 1). therefore {x,} is a Cauchy sequence Since ( X,d)is complete metric

space , therefore have call the limit z .
From (2.1), we get

fod(Tz,xn+1) (p(t)dt: fod(Tz,Txn) (p(t)dt

< o [1OTVTEND o () dt
max { d(z,Tz),d (%, Txn)}

+ ﬁ fO (p(t)dt
— [y 1aCTdGen TOAGTAACR T ) 1 gy

Taking limit as n = oo , we get
L e0de < a [177 g0t + B

= (@+B) ;" ptyae
Which is Contradiction
Therefore Tz=z
That is z is a fixed point of T in X.

d(z,Tz) ¢(t)dt
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Uniqueness : Let wis another fixed point of T in X such that z # w, then we have
From (2.1), we get

L p@ar = [ p0)ae

< afod(z,Tw)+d(w,Tz)(p(t)dt I ,3 fomax{d(z,Tz),d(w,Tw)}(p(t)dt
_ fOlIJ {d(z,Tw),d(w,Tz),d(z,Tz),d(w,Tw)} (p(t)dt

fod(z'w) p(t)dt < 2a fod(z'w)

Which is contradiction

So z=w thatis, z is unique fixed point of T in X.
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