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Abstract

In this paper, we give some new definitions of compatible mappings of types (I) and (II) in fuzzy-2 metric space
and prove some common fixed point theorems for four mappings under the condition of compatible mappings
of types (I) and (II) in complete fuzzy-2 metric space. Our results extend, generalize and improve the
corresponding results given by many authors.
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1. Introduction and Preliminaries

Impact of fixed point theory in different branches of mathematics and its applications is immense. The first
result on fixed points for contractive type mapping was the much celebrated Banach’s contraction principle by S.
Banach [37] in 1922. In the general setting of complete metric space, this theorem runs as the follows, Theorem
1.1(Banach’s contraction principle) Let (X, d) be a complete metric space, cE (0, 1) and f: X—X be a mapping
such that for each x, yEX, d (fx, fy) < c d(x, y) Then f has a unique fixed point a€ X, such that for each x €
X,lim,,_, o f™*x = a. After the classical result, R.Kannan [46] gave a subsequently new contractive mapping to
prove the fixed point theorem. Since then a number of mathematicians have been worked on fixed point theory
dealing with mappings satisfying various type of contractive conditions. In 2002, A. Branciari [1] analyzed the
existence of fixed point for mapping f defined on a complete metric space (X,d) satisfying a general contractive
condition of integral type.

Theorem 1.2(Branciari) Let (X, d) be a complete metric space, cE (0, 1) and let f: X—X be a mapping such
that for each x, y € X, fod(fx'fw p®)dt <c fod(x'y) @ (t)dt. Where @: [0,+00) —[0,+o0) is a Lebesgue integrable
mapping which is summable on each compact subset of [0,+o0) , non negative, and such that for each ¢ >o,
fosqo(t)dt, then f has a unique fixed point a€ X such that for each x€X, lim,,_,,, f"x = a After the paper of
Branciari, a lot of a research works have been carried out on generalizing contractive conditions of integral type

for a different contractive mapping satisfying various known properties. A fine work has been done by Rhoades

[2] extending the result of Brianciari by replacing the condition [1.2] by the following

Alx.fy)+d.fx)
fod(fx'fy)(p(t)dt < fom @xld@e) dG D40 1); 2 }qo(t)dt(l.S) The aim of this paper is to generalize

some mixed type of contractive conditions to the mapping and then a pair of mappings, satisfying a general
contractive mappings such as R. Kannan type [46], S.K. Chatrterjee type [38], T. Zamfirescu type [48], etc.The
concept of fuzzy sets was introduced initially by Zadeh [50] in 1965. Since then, to use this concept in topology
and analysis, many authors have expansively developed the theory of fuzzy sets and applications. For example,
Deng [12], Ereeg [13], Fang [18], George [19], Kaleva and Seikkala [28], Kramosil and Michalek [29] have
introduced the concept of fuzzy metric spaces in different ways. In fuzzy metric spaces given by Kramosil and
Michalek [29], Grabiec [20] obtained the fuzzy version of Banach’s contraction principle, which has been
improved, generalized and extended by some authors. Sessa [35] defined a generalization of commutativity
introduced by Jungck [24], which is called the weak commutativity. Further, Jungck [25] introduced more
generalized commutativity, so called compatibility. Mishra et al. [30] obtained some common fixed point
theorems for compatible mappings in fuzzy metric spaces. Recently, Jungck et al. [26] introduced the concept of
compatible mappings of type (A) in metric spaces, which is equivalent to the concept of compatible mappings
under some conditions, and proved common fixed point theorems in metric spaces. Cho [09] introduced the
concept of compatible mappings of type (a) in fuzzy metric spaces. Again, Pathak et al. [32] introduced the
concept of compatible mappings of type (B) in metric spaces and Cho et al. [10] introduced the concept of
compatible mappings of type (b) in fuzzy metric spaces. Pathak et al. [33] introduced the concept of compatible
mappings of type (I) and (II) in metric spaces. On the other hand, George and Veeramani [19], Kramosil and
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Michalek[29] introduced the concept of fuzzy topological spaces induced by fuzzy metrics which have very
important applications in quantum particle physics particularly in connections with both string and €(* theory
which were given and studied by El Naschie [14—17,49]. Many authors [21,31,39,40,41] have also proved some
fixed point theorems in fuzzy (probabilistic) metric spaces (see [2—7,18,20,22,23,36]).

Definition 1.1: A binary operation *: [0, 1] X [0, 1] = [0, 1] is a continuous t-norm if it satisfies the following
conditions:

(1) * is associative and commutative,

(2) * is continuous,

(3)a*1=aforalla€[0,1],

(4)a*b<c*dwhenevera<candb <dforalla,b,c,d€ |0, 1],

Two typical examples of continuous t-norm are a * b = ab and a * b = min (a, b).

Definition 1.2: A 3-tuple (X, M,*) is called a fuzzy metric space if X is an arbitrary

(Non-empty) set, * is a continuous t-norm and M is a fuzzy set on X? X (0, 0)satisfying the following
conditions: for all X, y,z € X and t, s> 0,

() M(x,y, t) > 0.

2)ME, y,t) =1 ifand only if x =y,

(3) M(x, ¥, ) = M(y, %, V).

(M M(x,y,t)* M(y,z,5) < M(X,7,t +s).

(5) M(x, y, .): (0,0) — [0,1] is continuous.

Let M(x, y, t) be a fuzzy metric space. For any t > 0, the open ball B(x, r, t) with center x€ X and radius 0 <r <
1 is defined by B(x, 1, t) = {y € X: M(x, y, t) > 1 —r}. Let (X, M,*) be a fuzzy metric space. Let s be the set of

all 4 — § withx € A ifand only if there exist t > 0 and 0 <r < 1 such that B(x, r, t) C A. Then s is a topology
on X (induced by the fuzzy metric M). This topology is Hausdorff and first countable. A sequence {x,} in X
converges to x if and only if M (x,,, x, t) = 1 as n — oo for all t > 0. It is called a Cauchy sequence if, for any 0 <
e <1 and t > 0, there exits

ny € N such that M (x,, x,,, t) > 1 —¢ for any n, m = ny The fuzzy metric space (X, M,*) is said to be
complete if every Cauchy sequence is convergent. A subset A of X is said to be F-bounded if there exists t > 0
and 0 <r <1 such that M(x,y,t) > 1 —r forallx,y € A.

Example 1.3 [11]: Let X =R and denote a * b = ab for all a, b € [0, 1]. For any t € (0,00), define

MGy 0 = 5

Lemma 1.4 [11]: Let (X, M,*) be a fuzzy metric space. Then M(X, y, t) is non-decreasing with respect to t for

all x, y in X.

Definition 1.5: Let (X, M,*) be a fuzzy metric space. M is said to be continuous on X2 X (0, ) if
Tlll_fl;lo M (xn, X5, ty) = M(x,y, )

for all x, y € X. Then M is a fuzzy metric in X.

Whenever a sequence {(xp, X, t,)} in X2 X (0, ) converges to a point (x, y, t) € X2 x (0, o),

ie. lim M (x,,x,t) = lim M (y,,y,t) =1 and
n—oo n—oo
lim M (x,y,t,) = M(x,y,t)
n—oo
Lemma 1.6: Let (X, M,*) be a fuzzy metric space. Then M is continuous function on X2 x (0, o).

Proof: See Proposition 1 of [36].
Lemma 1.7 [11]: Let (X, M,*) be a fuzzy metric space. If we define E A X? > R*TU{0}
E}“M =inf{t > 0: M(x,y,t)>1— 1} forall A€ (0,1) and x, y € X. Then we have
(1) Forall u € (0,1), there exists A€ (0,1) such that
E‘u'M(xl,xn) < Ei’M(xl,xz) + E/LM(xz,x3) + -4 Ei,M(xn_l,xn) , forall xq,x,,x5 ... x, € X.

(2) The sequence {xp}ney is convergent in fuzzy metric space (X, M,*) if and only if £ M(xn, x) = 0. Also,

the
Sequence {x, },en 1s a Cauchy sequence if and only if it is a Cauchy sequence with E FavE

Lemma 1.8 [11]: Let (X, M,*) be a fuzzy metric space. If a sequence {x,,} in X is such that, for any n € N, M

(XpsXni1, t) = M (9, x4, k™t) for all k > 1, then the sequence {x,,} is a Cauchy sequence.
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2. Some definitions of compatible mappings
In this section, we give some definitions of compatible mappings with types, some properties and examples of
compatible mappings in fuzzy metric spaces.
Definition 2.1: Let A and S be mappings from a fuzzy metric space (X, M,*) into itself. Then the mappings are
said to be weak compatible if they commute at their coincidence point, that is, Ax = Sx implies that ASx = SAx.
Definition 2.2 [30]: Let A and S be mappings from a fuzzy metric space (X, M,*) into itself. Then the mappings
are said to be compatible if, for all t > 0,

lim M (ASx,,, SAx,,t) =1

n—-oo

Whenever {x,} is a sequence in X such that
lim Ax, = lim Sx,, = x € X.

n—-oo n—oo
Proposition 2.3 [40]: If the self-mappings A and S of a fuzzy metric space (X, M,*) are compatible, then they
are weak compatible.
The converse is not true as seen in following example.
Example 2.4 [11]: Let (X, M,*) be a fuzzy metric space, where X = [0, 2] with t-norm defined a * b = min {a,

b}, for all a, b€ [0,1] and M(x, y, t) =
follows:
2 if0<x<], 2 if x=1,

Ax = Sx =
b %iflsxsz, T

for all x, y € X. Define the self-mappings A and S on X as

t+|x-yl|’

if otherwise

Then we have S1 = Al =2 and S2 = A2 =1. Also SA1 =AS1 =1 and SA2 = AS2 =2. Thus
(A, S) is weak compatible. Again,

1 1
Axn—l—a,an—l—

1on’

Thus we have Ax, — 1, Sx, — 1. Further, it follows that SAx,,= g— i, ASx, =2.
Therefore, we have
4 t
711_{{}10 M (ASx,, SAx,,t) = 711_{130 M (2,5— M,t) = H._é <1 forallt > 0.
5

Hence (A, S) is not compatible.

Definition 2.5 [9]: Let A and S be mappings from a fuzzy metric space (X, M,*) into itself. The mappings A and
S
are said to be compatible of type () if, for all t > 0,

lim M (ASx,, SSx,,t) =1, lim M (SAx,, AAx,,t) =1

n—oo n—oo

Whenever {x,} is a sequence in X such that
lim Ax, = lim Sx,, = x € X.

n—oo n—oo

Definition 2.6 [10]: Let A and S be mappings from a fuzzy metric space (X, M,*) into itself. The mappings A
and S are said to be compatible of type (f) if, for all t > 0,
lim M (AAx,, SSx,,t) =1

n—-oo

Whenever {x,} is a sequence in X such that
lim Ax, = lim Sx,, = x € X.

n—oo n-oo

Proposition 2.7 [09]: Let (X, M,*) be a fuzzy metric space witht * t =t for all t € [0,1] and A, S be continuous
mappings from X into itself. Then A and S are compatible if and only if they are compatible of type («).
Proposition 2.8 [10]: Let (X, M,*) be a fuzzy metric space witht * t =t for all t € [0,1] and A, S be continuous
mappings from X into itself. Then A and S are compatible if and only if they are compatible of type (f).
Proposition 2.9 [10]: Let (X, M,*) be a fuzzy metric space witht * t =t for all t € [0,1] and A, S be continuous
mappings from X into itself. Then A and S are compatible of type («) if and only if they are compatible of type
B).

Now, Turkoglu et al. [45] introduced the following definitions:

Definition 2.10: Let A and S be mappings from a fuzzy metric space (X, M,*) into itself. Then the pair (A, S) is
called A-compatible if, for all t > 0,

7P_r)lc}o M (ASx,, SSx,,t) =1
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Whenever {x,} is a sequence in X such that
lim Ax, = lim Sx,, = x € X.

n—oo n—oo

Definition 2.11: Let A and S be mappings from a fuzzy metric space (X, M,*) into itself. Then the pair (A, S) is
called S-compatible if and only if (S, A) is S-compatible.
Definition 2.12: Let A and S be mappings from a fuzzy metric space (X, M,*) into itself. Then the pair (A, S) is
said to be compatible of type (1) if, for all t > 0,

1111_r)r010 M (ASx,, x,t) <M (Sx, x,t)

Whenever {x,} is a sequence in X such that
lim Ax, = lim Sx,, = x € X.
n—oo n—oo

Remark 2.13: in [47], the above Definition was introduced as follows:
lim M (ASx,,x, 1t) < M (Sx, x,t)

n—oo
Whenever A€ (0,1] and {x,,} is a sequence in X such that
lim Ax, = lim Sx,, = x € X.
n—oo n—oo

If 2 =1, then, by Lemma 1.4, it is easily verified that, for all 1€ (0,1] by using above Definition, we have
Definition of [48].

Definition 2.14: Let A and S be mappings from a fuzzy metric space (X, M,*) into itself. Then the pair (A, S) is
said to be compatible of type (II) if and only if (S, A) is compatible of type (I).
Remark 2.15: In [25, 26, 33, 34], we can find the equivalent formulations of above Definitions and their
examples in metric spaces (see [25, 26, 33, 34]). Such mappings are independent of each other and more general
than commuting and weakly commuting mappings (see [25, 35]).
Proposition 2.16: Let A and S be mappings from a fuzzy metric space (X, M,*) into itself. Suppose that the pair
(A, S) is compatible of type (I) (respectively, (I)) and A z = S z for some z € X.Then, for all t > 0,
M (Az, §5z,t) = M (Az, ASz, t)(Respectively, M (Sz, AAz,t) = M (Sz, SAz,t)).
Proof: See Proposition 7 of [47].
Definition 2.17: (S.GAahler [43]) Let X be a nonempty set. A real valued function d on XxXxX is said to be a
2-metric on X if
(1) Given distinct elements x; y of X, there exists an element z € X such that d(x, y, z) #0,
(2) d(x, y, z) = 0 when at least two of X, y, z € X are equal,
3)dx,y,2)=d(x,z,y)=d(y, z,x) forall x,y,z € X,
4) dx,y, z) £d(x, y, w)td(x, w, z)+d(w, y, z) for all x, y, z, w € X.
The pair (X, d) is called a 2-metric space.
Example 2.18 [27]: Let X = R® and let d(x, y, z):= the area of the triangle spanned by x, y and z which may be
given explicitly by the formula, d(x, y, ) =|x1 (225 — ¥322) — X, (V123 — ¥321) + x3(0122 — ¥221) |,
Where x = (x1,x5,%3) Y=1,¥2,V3), 2= (21, 25, 23). Then (X, d) is a 2-metric space.
Definition 2.19: (S. Sharma [44]) the 3-tuple (X, M,*) is called a fuzzy 2-metric space if X is an arbitrary set, *
is a continuous t-norm of H-type and M is a fuzzy set in X3 X [0, ) satisfying the following conditions: for all
X, Y, 2z, u € X and ty, ty, t3 >0,
(HM(x,y,2z 0)=0,
(2) M(x, y, z, t) = 1 for all t > 0 if and only if at least two of the three points are equal,
BG)ME, y,z, t)=M(x, z, ¥, t) =M(y, z, x, t) forall t > 0,

(Symmetry about first three variables)
(4) M(Xs Y, Zatl + t2 + t3) =* {(M(Xs y.u, tl )s M(Xs u, ZstZ)s M (ll, Y, Z,t3))},

(This corresponds to tetrahedron inequality in 2-metric space. The function value

M(x, y, z, t) may be interpreted as the probability that the area of triangle is less than t.)
(5) M(x,y, z,.): [0, 1) X [0, 1] is left continuous.
Example 2.20 [27]: Let (X, d) be a 2-metric space and denote *(a, b) = ab for all a, b € [0, 1]. Foreachh, m,n €

R* and t > 0, define M(x, y, z, t) = Mt
ht™+md(x,y,z)

Definition 2.21 [27]: Let (X, M,*) be a fuzzy- 2 metric space.

(1) A sequence {x,} in fuzzy-2 metric space X is said to be convergent to a point x € X (denoted by

limx, =x or x, > x

n—-oo

if forany A€ (0,1) and t> 0, there exists ny € N such that foralln > nyanda € X, M (x,,x,a,t)>1— 4
That is

. Then (X, M,*) is a fuzzy -2 metric space.

lim M (x,,,x,a,t) =1 foralla € X and t > 0.
n—oo
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(2) A sequence {x,} in fuzzy- 2 metric space X is called a Cauchy sequence, if for any 21 € (0,1) and t > 0, there
exists
ny € Nsuch that forallm,n = nganda € X, M (xp, xp, 2, ) > 1 — 1

(3) A fuzzy- 2 metric space in which every Cauchy sequence is convergent is said to be complete.

Definition 2.22 [27]: Self mappings A and B of a fuzzy- 2 metric space (X, M,*) is said to be compatible, if
lim M (ABx,, BAx,,a,t) =1 foralla € Xand t > 0,

n—oo

Whenever {x,} is a sequence in X such that
lim Ax, = lim Bx,, =z for some z € X. Then lim ABx, = Bz.
n—-oo n—oo

n—-oo

Lemma2.23 [27]: Let (X, M,*) be a fuzzy- 2 metric space. If there exists q € (0, 1) such that

M, Y,z qt+0)=>M(,y,zt)forallx,y,z€ Xwithz#x,z# yand t> 0, thenx =y,

3. The main results

In this section, we prove a fixed point theorem for four mappings under the condition of compatible mappings of
types (I) and (II).

Let @ be the set of all continuous and increasing functions @:[0,1]7 — [0,1] in any coordinate and
ottt t,t,t,t) >tforallt €[0,1).

Theorem 3.1: Let (X, M,*) be a complete fuzzy-2 metric space witht * t =t forall ¢t € [0,1]. Let A, B, Sand T
be mappings from X into itself such that

(1) AX) S T(X), BX) =S(X),

(ii) There exists a constant k € (0 ,%) such that

. IM(Sx, Ty, a, t), M(Ax, Sy,a,t), M (By, Ty,a,t), M(Ax, Tx, a, at),
J‘ M (Ax By .a .kt Cedt 2 J‘ ¢{mm{M(By, Sx. a,(2-a 1), M(Ax, Tx, a,1), M(Ax, Sx, a, 1)

0

}} C(t)dt

forallx,y,a € X, a € (0,2),t > 0and @ € ¢.

If the mappings A, B, S and T satisfy any one of the following conditions:

(ii1) The pairs (A, S) and (B, T) are compatible of type (II) and A or B is continuous,

(iv)The pairs (A, S) and (B, T) are compatible of type (I) and S or T is continuous, then A, B, S and T have a
unique common fixed point in X.

Proof: Let x, € X be an arbitrary point. Since A(X) < T(X), B(X) < S(X), there exist x;, x, € X such that

Axy = Txy, Bx; = Sx,. Inductively, construct the sequences {x,,} and {y,,} in X such that
Yon = AXzn = TXon41, Yan+1 = BXani1 = SXonsa

forn=0,1,2... Thenbya =1—¢q andq € (%, 1), if we set d,, (t) = M (Vm Vims1, @ kt) for t > 0, then we
prove that {d,,(t)} is increasing with respect to m. setting m = 2n, then we have
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dy, (1) M (yy,5 V25041595 1)
[ cwan= [T a

J.M(szn, BX2n+1, a, k[)
0

¢ (n)dt

M(S.in, Tx2n+1,a,t),M(szn,Sx2n+1,a, t)
¢ min M (Bxy i1, Txy 05 a, 8),M (Axy,, Txy,,, a, (1-q)1)
M(Bx2n+1, szn, a, (1+q)t),M(Ax2n, szn, a,t)
J‘ M(szn,szn,a,t)
0

¢ (n)dt

\%

. M(yzn_layzna a, t)aM(yzn ayzn_la a, t)aM(y2n+lay2na a, [)
PGimini M (y5 .39 > @-(1=0) )M (y5,1:¥2 p_1» @ (1+9)1),

G{{min{dy, | (1), dy, 1 (1), dy, (1), 1ody, 1 (1), dy, (1), dyy 1 (D}
_ IO g (t)dt.

The above inequality is true @ is an increasing function.
We claim that for all n € N,

dy (1) dyp_1 (1)
IO C(t)dt > IO C(t)dt.

d2n(t) dZn_l(t)
In fact, if j g (t)dt < Jo < (t)dt.

0
We have
dy,, (kt) B (dy,, (at), dyy, (a1), dyy (at), dy, (a1), da,, (1), dyy (at), day, (91)) >y, (1))
¢(t)de > ¢ (t)dt,
cdy, (kt) dy, (g)
That is Jo ¢(r)dt > J.O ¢ (1)dt which is a contradiction.
A2y (1) dyp-1 ()
Hence Jo ¢ (r)det = 0 ¢ (1)dr foralln € Nand t > 0.
92411 dyp (1)
Similarly, for m = 2n+1, we have Jo ¢ (t)dt > 0 ¢ (t)dt and so {d,,(t)} is an
increasing in [0, 1].
() (KD dyp(qt)
Similarly, for m = 2n+1, we have Jo ¢()de > 0 ¢ (v)dt and so
dy (kt) d .1 (g0)
J g(n)dt = -[0 ¢ (t)de for all n € N, that is
n
q M(yo’ )’1 , a, z t)
M(yn,yn+1,a, t) M(yn_l’yl’lﬂaﬂ zz) k
J.O S()de 2 .[0 S(tydt 2 .....2 J.O S (t)dt.

Hence {y,,} is a Cauchy sequence and, by the completeness of X, {y,,} Converges to a point z in X. Let
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lim y,, = z. Hence we have
n—-oo

lim y,,, = lim Ax,, = lim Txy,4; = lim y,,,1 = lim Bx,,,, = lim Sxy,,4, = Z.
n—-oo n—oo n—-oo n—-oo n—-oo

n—-oo

Now, suppose that T is continuous and the pairs (A, S), (B, T) are compatible of type (I). Hence we have

lim TTx,,.1 =Tz, lim BTx,,,1 =Tz, lim STxyp.q =Tz

n—-oo n—-oo n—-oo

Now, for @ = 1, setting x = x,, and y = Txy,4 in the inequality (3.1), we have

M (Sxy,, TTxy 1, a, t), M (Axy,, STxy, 1, a,t)

#4min M (BTxy 0, TTxy 0, a, t),M (Ax,,, TTx,,, a,t)
M (BTxy .1, Sxy,,a,t),M(Ax,,, TTx,,,a,t)
M (Axy,, Sx,,,a,t)

M(Ain, BTX2n+1, a, kt)
_[ g(r)dt 2 _[0 < (t)dt.

0
Letting n— oo, we have

M(rll_)ngo BTxyn+1.TZ,a,t),M(z ,Tz,at), M(z,Tz,a,t)

cor = | MG a0 } ¢ (t)dt

0

M(z,Tzat), M(z,Tzat), M(,}Lngo BTxyn+1,TZ ,a,t)}
@< min
>

fM(Z T}l_'rrgo BTXypn41,a kt)
0

Now using (2.22) and (2.23), we have

M(z,Tz,at), M(z,Tz,a,t), M(TzTz ,a,t)

M(z,Tza kt) Q){min{M (TzTz,a,t)M(z,Tz,at), M(z,Tz,a,t) }
f cC@ydt > f Mz za.0) C(t)dt
0 0

Therefore,

M(z,Tza kt) M(z ,Tz,a,t)
f C@)dt > f C(t)dt
0 0

So it follow that T z =z.
Again, replacing x by x,, andy by z in (1), for all @ = 1, we have
M(SXZn ,Tz, a, t), M(Ax2 "o Sz,a,t), M (Bz,Tz,a,t),

@ min{M(szn ,Txy, . a,at), M(Bz,Sxy , ,a,t),

J‘M(AxQn Bz, a ki) M(Axy, Txy, . a,t),M(Axy, Sxy, . a,1)

C(t)de = C(t)de

0
And so, letting n— oo, we have

M(Bz ,z,a ,kt) M(Bz ,z,a,t)
f C(t)dt > f c(b)dt.
0 0

Which implies that B z = z. Since B(X) C S(X), there exist u € X such that Su=z=B z. So, fora = 1, we
have

M(Su,Tz, a, t), M(Au, Sz,a,t), M (Bz,Tz, a,t),
¢pyminy M(Au,Tu,a,at), M(Bz, Su,a,t),
M(Au, Bz, a, kt) M(Au,Tu, a,t), M(Au, Su,a,t)
. c(t)dt > £ (t)dt
And so,

“ cat.

fM(Au ,Z,a ,kt) M(z ,Au
0

C(dt > f

Which implies that Au = z. Since the pair (A, S) is compatible of type (I) and Au = Su = z, by proposition 2.16,
we have
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M(Au ,ASu,a,t)

C(b)dt > f £(t)dt.

f-M(Au ,SSu,a ,kt)

And so,

M(z ,Sz,a kt) M(z ,Az,a,t)
f C(b)dt > f £(t)dt.
0 0

Again, for « = 1, we have

M(Sz,Tz, a, t),M(Az,Sz,a,t),M (Bz,Tz,a,t),
¢smins M(Az,Tz,a,at), M(Bz,Sz,a,t),
M(Az Bz, a ki) M(Az, Tz, a,t),M(Az, Sz, a,1)
0 S (t)yde = S (t)dt

Hence we have

M(Az ,z,a kt) M(z ,Az,at)
f C()dt > f c(bdt.
0 0

And so A z=z. Therefore, Az=Bz=Sz=T z=zand z is a common fixed point of the self-mappings A, B, S
and T. The uniqueness of a common fixed point of the mappings A, B, S and T be easily verified by using (3.1)
In fact, if z’ be another fixed point for A, B, S and T, then, for @ = 1, we have

J‘M(Z’Z"a’kt) J'M(Az,Bz',a,kt)

C(t)dt = £ (1)dt

0

M(Sz,Tz ,a,t), M(Az,Sz ,a,t),M (Bz ,Tz ,a,t),
@< miny M(Az,Tz,a,at), M(Bz , Sz, a,t),

J‘ M(Az, Tz, a,t), M(Az, Sz a, t)
>
0

g (t)dt

M(z,z',a ,kt)
>J. ¢ (t)dt

0

I

soz=2z".
Example 3.2: Let (X, d) be a fuzzy-2 metric space and denote *(a, b) = ab for all a, b € [0, 1]. Foreachh, m,n €

+ _ ht™
R™and t > 0 and X, y, a € X define M(x, y,a, t) A rmdGyd)
Ax=Bx =1,

3—x 2x+3
Sx=—F= ,TX:—
2 5

If we define a sequence {x,} in X by 1 — 1/n, then we have

. Define the self-mappings A, B ,S ,T on X by

lim Ax, = lim Sx,, = 1, lim M (SAx,,1,a,t) <M (Al,1,a,t) = 1.

n—-oo n—-oo n—oo

lim Bx, = lim Tx, =1, lim M (TBx,, 1,a,t) < M (B1,1,a,t) = 1.
n—-oo n—oo

n—-oo

This is the pairs (A, S), (B, T) are compatible of type (I) and A, B are continuous. Consider a function
@:[0,1]7 - [0,1] defined by @(xy, X, X3, X4, Xs, X, X7) = (min {x;})" for some 0 <h <I. Then we have
M (Ax, By,a, t) = @(xy, X3, X3, X4, X5, X, X7)-

Therefore, all the conditions of theorem 3.1 are satisfied and so A, B, S and T have a unique common fixed point
in X.

Corollary 3.3: Let (X, M,*) be a complete fuzzy-2 metric space witht *t=t forall t € [0,1]. Let A, B,Sand T

be
mappings from X into itself such that
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H AX) S T(X), B(X) =S(X),
(i1) There exists a constant k € (0 ,%) such that

M(Ax, By,a , kt) a, () M( Ax, T, a, at)+as (1) M ( By, Sx, a,(2-a )Y+ ag(t) M( Ax, Tx, at)
+ay(0) M( Ax Sx.a.0)
J;) S(t)ydt > 0

forallx,y,a € X, a € (0,2),t > 0and a;: R* - (0,1] such that Y./_, a;(t) = 1.

If the mappings A, B, S and T satisfy any one of the following conditions:

(ii1) The pairs (A, S) and (B, T) are compatible of type (II) and A or B is continuous,

(iv) The pairs (A, S) and (B, T) are compatible of type (I) and S or T is continuous, then A, B, S and T have a
unique common fixed point in X.

Proof: By Theorem 3.1, if we define

1
B(x1, X2, X3, Xg, X5, X6, X7) = {(a1(£)x1 + ap(O)x, + az(t)x3 + as(O)xy + as(O)xs5 + as(t)xs + a;(t)x7)}2,

1
{ . {al(t)M(Sx, B, a, O+ ay (t) M( Ax, Sy, 4,00+ ay (t)M ( By, Ty, a, 0+ }}2
mn

C(t)dt

Then we have conclusion.

Corollary 3.4: Let (X, M,*) be a complete fuzzy-2 metric space witht * t=t for all t € [0,1]. Let A, B, R, S, H
and T be mappings from X into itself such that
(1) A(X) S TH(X), B(X) < SR(X),

. . 1
(i1) There exists a constant k € (0 ‘E) such that

M (Ax By ,a , kt) M(SRx, Ty, a, t), M(A4x, SRy, a,t), M (By, THy, a,t), M(Ax, THx, a, at), }}

¢{min i
) C(0)dt J‘ {M(By, SRx, a,(2-a )t), M(Ax, THx, a,t), M(Ax, SRx,a,t) C(0)dt

forallx,y,a € X, a € (0,2),t > 0and @ € ¢.

If the mappings A, B, SR and TH satisfy any one of the following conditions:

(iii) The pairs (A, SR) and (B, TH) are compatible of type (II) and A or B is continuous,

(iv)The pairs (A, SR) and (B, TH) are compatible of type (I) and SR or TH is continuous,

(v) TH=HT, AR = RA, BH = HB and SR = RS, then A, B, R, S, H and T have a unique common fixed point in
X.

Proof: By theorem 3.1 A, B, TH and SR have a unique common fixed point in X. That is, there exists z € X Such
that A z=B z=THz = SR z = z. Now, we prove that R z = z. In fact, by the condition (ii), it follows that

M(ARz Bz ,a , kt) M(SRRz, THz, a, t), M(ARz, SRRz, a,1), M (Bz, THz, a,1), M(ARz, THz, a, at),

M(Bz, SRRz, a,(2-a)t), M(ARz, THz, a,t), M{(ARz, SRRz, a,1)

min]

C(tydt 2 J.j{ }} C(t)dt

0

For ¢ = 1, we have

. I\M(Rz, z, a, t), M(Rz,Rz,a,t),M (z, z,a,t), M(Rz, z,a,t),
M (Rz .z .a , kt) ¢{mm{M(z, Rz a.1) M(R=, =, a,1), M(R=, Rz, a.i)
C(t)dt >
0

0

}}g(t)dz

M (Rz ,z ,a ,t)
>J. S (t)dt

0

Which is a contradiction. Therefore, it follows that R z = z. Hence S z= SR z = z. Similarly, we get Tz=H z=
z.

Corollary 3.5: Let (X, M,*) be a complete fuzzy-2 metric space with t * t =t for all t € [0,1]. Let S and T be
mappings from X into itself such that
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(i) There exists a constantk € (0, %) such that

. AM(Sx, Ty, a, t),M(x,Sy,a,t),M (v, Ty,a,t), M(x, Tx, a, at),
M(xy.a,k) 4 {mm{M(y, Sx. a,(2-c )t), M(x, T, a,0), M(x, Sv.a,)
S (t)dt >
0

. }} C(t)dt

forallx,y,a € X, a € (0,2),t > 0and @ € ¢. Then A, B, S and T have a unique common fixed point in X.

Proof: If we get A = B =1 (: the identity mapping) in theorem 3.1, then it is easy to check that the pairs (I, S) and
LT

are compatible of type (II) and the identity mapping I is continuous. Hence, by theorem 3.1, T and S have a
unique common fixed point in X.

Corollary 3.6: Let (X, M,*) be a complete fuzzy-2 metric space with t * t =t for all t € [0,1]. Let A and S be
mappings from X into itself such that

HA™(X) < S™(X),

. . 1
(i1) There exists a constant k € (0 ‘E) such that

MA' Ay a k) { - {M(S'"x, S™y, a4, 0, M(A"x, 8™y, 4,0, M (4"y, S™y,a,1), M(A"x, S™x, a, ), }}
J‘() C(ydr > J‘() M(A"y, S™x, a,(2-a 1), M(A"x, S™x, a,1), M(A"x, S, a,1) (i

forallx,y,a € X,a € (0,2),t >0and @ € ¢ and for somen,m € N.

If the mappings A™ and S™ satisfy any one of the following conditions:

(iii) The pairs (4™,S™) is compatible of type (II) A™and is continuous,

(iv)The pairs (A™,S™) is compatible of type (I) and S™ is continuous,

(v) A™S = SA™ and AS™ = S™A, then A and S have a unique common fixed point in X.

Proof: If we set A=B =A4"and S = T =S5™ in theorem 3.1, then A" and S™ have a unique fixed point in X.
That is,

There exists z € X such that A"z = S™z = z.since A"Az = A A"z = Az and S™Az = AS™z = Az, it follows
that A z is a fixed point of A™ and S™ and hence A z = z. Similarly, we have S z = z.

Theorem 3.7: Let (X, M,*) be a complete fuzzy-2 metric space witht * t =t for all t € [0,1]. Let S, T and two
sequences{4;}, {B]-} for all i, j € N be mappings from X into itself such that

(i) There exists iy, jo € N such that 4; (X) & T(X), B;,(X) = S(X),

. . 1
(i1) There exists a constant k € (0 ‘E) such that

. | M(Sx, Ty, a, t), M(4;x,Sy,a,t), M (B;y, Ty, a,t), M(4;x, Tx, a, at),
M(4x B;y.a,kt) ¢{mm{MB. Sx, a,(2-a Ji), M(Ax, Tx, a.t), M(Ax, Sy,a.t
I g(t)dtzj (B,y, Sx, a,(2-a )1), M(A;x, Tx, a,1), M(4;x, Sy,a,1) C(tdi
0

0

forallx,y,a € X, a € (0,2),t > 0and @ € ¢.

If the mappings A;, Bj,,S and T satisfy any one of the following conditions:

(iii) The pairs (4;,, S) and (B, T) are compatible of type (II) and A;  or B;, is continuous,

(iv)The pairs (4;,, S) and (B;,, T) are compatible of type (I) and S or T is continuous, then4;,B; ,S and T have a
unique common fixed point in X fori,j=1,2,3...

Proof: By theorem 3.1, the mappings S, T and A, and B;, for some iy, j, € N have a unique common fixed point
in X.

That is, there exists a unique point z€ X such that S z = T z =A; z = B;, z = z. Suppose that there exists i € N
such that

I # I,. Then we have
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M(A4z,z.,a ,kt) M(4z B z.a,kt)
¢(nydt = £ (r)dt
0

¢{ . {M(Sz, 1z, a, 1), M(4;z,8z,a, Z),M(Bjoz, Ty,a,t), M(4;z, 1z, a, at), }}
min
M(B, z 8z, a,(2-a)t), M(4;z, Tz, a,t), M(4;z, Sz, a,t
2.[ (B, (2-a )9, M. ), M. ) £y
0

For ¢ = 1, we have

. |M(z, z, a, t),M(A;z,z,a,t), M (z, z,a,t), M(4;z, z, a,t),
M (4;z z ,a , kt) ¢{mm{M(z, z at), M(Az z, ) M(Az z.a,t)
C()dt >
0

. }}g(z)dz

M (4;z ,z ,a ,t)
>J. ¢ (v)dt,

0

Which is a contradiction. Hence, for all i€ N, it follows that A4;z = z. similarly, for j€ N, we have B;z = z.
Therefore, for all i, J€ N, we have A;z = Bjz = Sz =Tz = z.
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