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Abstract

In this paper, we prove some common fixed point theorems for six mappings in fuzzy metric space for integral
type mapping. Our main results extend generalize and fuzzify some known results in fuzzy metric spaces.
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1. Introduction

Impact of fixed point theory in different branches of mathematics and its applications is immense. The first result
on fixed points for contractive type mapping was the much celebrated Banach’s contraction principle by S.
Banach [28] in 1922. In the general setting of complete metric space, this theorem runs as the follows, Theorem
1.1(Banach’s contraction principle) Let (X, d) be a complete metric space, cE (0, 1) and f: X—X be a mapping
such that for each x, yEX, d (fx, fy) < c d(x, y) Then f has a unique fixed point a€ X, such that for each x €
X,lim,,_, o f™*x = a. After the classical result, R.Kannan [23] gave a subsequently new contractive mapping to
prove the fixed point theorem. Since then a number of mathematicians have been worked on fixed point theory
dealing with mappings satisfying various type of contractive conditions. In 2002, A. Branciari [1] analyzed the
existence of fixed point for mapping f defined on a complete metric space (X,d) satisfying a general contractive
condition of integral type.

Theorem 1.2(Branciari) Let (X, d) be a complete metric space, cE (0, 1) and let f: X—X be a mapping such
that for each x, y € X, fod(fx'fw p®)dt <c fod(x'y) @ (t)dt. Where @: [0,+00) —[0,+o0) is a Lebesgue integrable
mapping which is summable on each compact subset of [0,+c0) , non negative, and such that for each ¢ >o,
fosqo(t)dt, then f has a unique fixed point a€ X such that for each x € X, lim,,_,,, f"x = a After the paper of
Branciari, a lot of a research works have been carried out on generalizing contractive conditions of integral type

for a different contractive mapping satisfying various known properties. A fine work has been done by B.E.

Rhoades [2, 4] extending the result of Brianciari by replacing the condition [1.2] by the following

dlx.fy)+dy.fx)
d(fxfy) max{d(ey),d e f0,d(y,fy) 2L D00
[EURI) oyt < [ 2

0
some mixed type of contractive conditions to the mapping and then a pair of mappings, satisfying a general

contractive mappings such as R. Kannan type [23], S.K. Chatrterjee type [34], T. Zamfirescu type [36], etc. The
concept of fuzzy sets was introduced initially by Zadeh [17] in 1965. Since then, to use this concept in topology
and analysis many authors have expansively developed the theory of fuzzy sets and applications. Especially,
Deng [39], Erceg [19], Kaleva and Seikkala [22], Kramosil and Michalek [13] have introduced the concept of
fuzzy metric space in different ways. Grabiec [20] followed Kramosil and Michalek [13] and obtained the fuzzy
version of Banach contraction principle. Moreover, it appears that the study of Kramosil and Michalek [13] of
fuzzy metric spaces pave the way for developing smoothing machinery in the field of fixed point theorems, in
particular for the study of contractive type maps. Fang [14] proved some fixed point theorems in fuzzy metric
spaces, which improve, generalize, unify and extend some main results of Banach [28], Edelstein [18], Istratescu
[12], Sehgal and Bharucha-Reid [37]. Sessa [30] defined a generalization of commutativity, which is called weak
commutativity. Further Jungck [10] introduced more generalized commutativity, so called compatibility. Mishra
et al. [29] obtained common fixed point theorems for compatible maps on fuzzy metric spaces. Recently, Jungck
et al. [11] introduced the concept of compatible mappings of type («) in metric spaces, which is equivalent to the
concept of compatible mappings under some conditions and proved common fixed point theorems in metric
spaces. Cho [38] introduced the concept of compatible mappings of type () in fuzzy metric spaces. Many
authors have studied the fixed point theory in fuzzy metric spaces. The most interesting references in this
direction are [14,15,16,20,24,26,32] and fuzzy mappings [6,3,7,25,27]. Recently, George and Veeramani [13]
modified the concept of fuzzy metric space introduced by Kramosil and Michalek [14] and defined the
Hausdorff topology on the fuzzy metric spaces. They showed also that every metric induces a fuzzy metric. In
this paper, we prove common fixed point theorems for six mappings satisfying some conditions in fuzzy metric

}qo(t)dt(l.S) The aim of this paper is to generalize
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spaces in the sense of Kramosil and Michalek [14]. Our main theorems extend, generalize and fuzzify some
known results in fuzzy metric spaces, probabilistic metric spaces and uniform spaces

[9,11,21,31,33,38]. We also give an example to illustrate our main theorem.

2. Preliminaries

Definition 2.1 [5]: A binary operation *: [0, 1] X [0, 1] = [0, 1] is a continuous t-norm if it satisfies the
following conditions:

(1) * is associative and commutative,

(2) * is continuous,

(3)a*1=aforalla€[0,1],

4)a*b<c*dwhenevera<candb <dforalla,b,c,d€ |0, 1],

Two typical examples of continuous t-norm are a * b = ab and a * b = min (a, b).

Definition 2.2 [14]: A 3-tuple (X, M,*) is called a fuzzy metric space if X is an arbitrary

(Non-empty) set, * is a continuous t-norm and M is a fuzzy set on X? X (0, 0)satisfying the following
conditions: for all X, y,z € X and t, s> 0,

(1) M(x,y, t) > 0.

2)M(x,y,t)=1 ifand only ifx =y,

(3) M(x, ¥, ) = M(y, %, V).

(HM(x,y,t)* M(y,z,5) < M(x,7,t+5s).

5) M(x,y, .): (0,0) = [0,1] is continuous.

Let M(x, y, t) be a fuzzy metric space. For any t > 0, the open ball B(x, r, t) with center x€ X and radius 0 <r <
1 is defined by B(x, 1, t) = {y € X: M(x, y, t) > 1 —r}. Let (X, M,*) be a fuzzy metric space. Let s be the set of

all 4 — § with x € Aif and only if there exist t > 0 and 0 <r < 1 such that B(x, r, t) C A. Then s is a topology
on X (induced by the fuzzy metric M). This topology is Hausdorff and first countable. A sequence {x,} in X
converges to x if and only if M (x,,, x, t) = 1 as n = oo for all t > 0. It is called a Cauchy sequence if, for any 0 <
e <1 and t > 0, there exits

ny € N such that M (x,, x,,, t) > 1 —¢ for any n, m = ny The fuzzy metric space (X, M,*) is said to be
complete if every Cauchy sequence is convergent. A subset A of X is said to be F-bounded if there exists t > 0
and 0 <r <1 such that M(x, y,t) > 1 —r forallx,y € A.

Example 2.1 [8]: Let X =R and denote a * b= ab for all a, b € [0, 1]. For any t € (0,0), define

t
MGy 0 = 5
Lemma 2.1 [20]: Let (X, M,*) be a fuzzy metric space. Then M(x, y, t) is non-decreasing with respect to t for
all x, yin X.

Definition 2.3 [20]: Let (X, M,*) be a fuzzy metric space. M is said to be continuous on X2 X (0, ) if

lim M (x,, x,, t,) = M(X,y,t)

n—-o0o

Whenever a sequence {(x,, X, t,)} in X% X (0, ) converges to a point (x, y, t) € X% x (0, o),

for all x, y € X. Then M is a fuzzy metric in X.

ie. lim M (x,,x,t) = lim M (y,,y,t) =1 and
n—-oo n—-oo
lim M (x,y,t,) = M(x,y,t)
n—-oo

Lemma 2.2 [29]: Let {y,} be a sequence in fuzzy metric space (X, M,*) with the condition (FM-6). If there
exists a number k € (0,1) such that M (Y, 42, Vns1, kt) = M(Vyyq1, ¥V, t) for allt > 0 and n =1, 2, 3....then
{} is a Cauchy sequence in X.

Lemma 2.3 [29]: Let (X, M,*) be a fuzzy metric space. If there exists k € (0, 1) such that

M(x, y, kt) = M(x, y, t) forall x,y € X and t > 0, then x =y,

3. Some definitions of compatible mappings

In this section, we give some definitions of compatible mappings with type () in fuzzy metric spaces.

Definition 3.1 [29]: Let A and B be mappings from a fuzzy metric space (X, M,*) into itself. The mappings A
and B are said to be compatible of if, for all t >0,
lim M (ABx,, BAx,,t) =1

n—-oo

Whenever {x,} is a sequence in X such that
lim Ax, = lim Bx,, =z € X.

n—oo n—oo
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Definition 3.2 [38]: Let A and B be mappings from a fuzzy metric space (X, M,*) into itself. The mappings A
and B are said to be compatible of type () if, for all t > 0,
lim M (ABx,, BBx,,t) =1, lim M (BAx,, AAx,,t) =1

n—oo n—oo

Whenever {x,} is a sequence in X such that
lim Ax, = lim Bx, =z € X.

n—oo n—oo

Proposition 3.1 [38]: Let (X, M,*) be a fuzzy metric space with t ¥t =t for all t € [0,1] and A, B be continuous

mappings from X into itself. Then A and B are compatible of type (a) and Az = Bz for some z € X, then

ABz = BBz = BAz = AAz.

Proposition 3.2 [38]: Let (X, M,*) be a fuzzy metric space with t * t =t for all t € [0,1] and A, B be continuous

mappings from X into itself. Then A and B are compatible of type (@) and {x,,} is a sequence in X such that
lim Ax, = lim Bx, =z € X.

n—oo n—oo

lim BAx,, = Az if A is continuous at z and ABz = BAz, Az = Bz,if A and B are continuous at z.
n—-oo

4. Main results

In this section, we prove a fixed point theorem for six mappings satisfying some conditions.

Theorem 4.1: Let (X, M,*) be a complete fuzzy metric space with t * t =t for all ¢ € [0,1] and the condition
(FM-6) Let A, B, S, T, P and Q be mappings from X into itself such that

(1) P(X) S AB(X), Q(X) SST(X),

(2) AB=BA, ST=TS,PB=BP,QS=SQ, QT =TQ,
(3) A, B, S and T are continuous,
(4) the pair (P, AB) and (Q , ST) are compatible of type (a),
(5) there exists a number k € (0, 1) such that
M (Px, Oy ki) {M (ABx, Px,t) *M (STy, Qy, t) *M (STy, Px, Bt) *M (ABx,Qy, (2—f)t)* }

.[0 g (t)dt ZJ'OM(ABJ" STy, 1) *M (Px, Ox, 1)

forallx,y € X, B8 € (0,2),t > 0.
Then A, B, S, T, P and Q have a unique common fixed point in X.
Proof: By (1), Since P(X) < AB(X), Q(X) < ST(X), there exist x4, x, € X such that

S (t)dt

Pxy, = ABxy, Qx; = STx,. Inductively, construct the sequences {x,} and {y,} in X such that

Yan = PXop = ABXpn 41, Von+1 = QXant1 = STXon42
forn=0,1,2...By(5) Thenby f =1—¢q and q € (0,1), we have

J'M(y2n+l’y2n+2’ kt) J'M(Px2n+l’ Q9425 k1)

. C(t)dt - C()dt

M (STx) 10> Pxypiys Bt) *M (ABxy . ,0%) 40 (2—B)1)

{M(ABXZ}'!H’ Py pi1st) *M (ST 10, QXppia08) * }
> J- *M (ABxy 015 STy g 5t) *M (PXy 15 0%y 5t) S (t)dt
0

{M(hn s Vansts ) FM (Va1 Vane25t) *M(y005Y200 7(1_q)’)}
= _.- *M (Y35 Y2n2>-(F@E) *M (V2,52 00050) *M (V2p015V20015 1) ¢ (t)dt
0

M (Vs Vops1 ) *M (V415254201 *1
M (Y2 psY2pa150) *M (Vg1 42041 *

M (yy 11> Y2pe2s k) M (y5 .y . 1) *
0 0
{M(yZn’yZnH’ 1) *M (33 412V p421) *1}
M R ,qt
> (2 n415Y2 04297 & (1)dt

0
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Since the t-norm * is continuous and M (X, y, .) is left continuous, letting g — 1 in above, we have

M (320> V2 ns1s 1) *M (33 041-Y2040200}

C(t)dt > _[0{ C(t)dt

J‘M(y2n+1’y2n+2’kf)
0

Similarly we have also

M aps1 Yansas O M (V20272 430}

C()de > j £ (t)dt

J‘M(yzn+2’y2n+3’k’)

0 0
Thus
M (ypi1: Yo+ k1) M s Yo ) M (Vg Vg0
g(r)det = C(t)dt
0 0
Forn=1,2,3......... and so, for positive integers n, p

t
{M(ynsyn+ls t) *M(yn+19yn+2’

k”)} ¢ (1)dt

J'M(yn+1’yn+2’kt)
0

£ (t)dt > j

0

. t
Thus, since M (Vy41 » Yn2 ,k—p) — 1asp — o, we have

J-M (Pps1 > Va2 o KO J'{M (Yn s Yps1- 0

0 C()de > £ (1)dt

By lemma (2.2), {y, } is a Cauchy sequence and, by the completeness of X, {y,,} Converges to a point z in X. Let

lim y,, = z. Hence we have

n—-oo

lim y,, = lim Px,, = lim Qx,,,; = lim y,,,,; = lim ABxy,,q1 = lim STx,,,, = z.
n—oo n—oo n—oo n—oo n—oo

n—oo

Now, suppose that A, B, S and T are continuous and the pairs (P, AB) and (Q, ST) are compatible of type ().
Hence we have

111’1‘1 P(AB)x2n+1 = ABZ, llm (AB)2x2n+1 = ABZ ) hm Q(ST)X2n+2 = STZ hm (ST)2x2n+2 = STZ
n—oo n—oo

n—-oo n—-oo

Now, for § =1, setting x = (AB)xX,,41 and y = Xy, in the inequality (5), we have

M(ABY? %41, P(AB)Yy,1,8) *M (ST, 9, Qiy p.0) *
M(STxy, 9, P(AB)Yy .1, 1) *M((ABY? x3,01,0%,119.0)
“M((AB) %y, STy 0.0) *M(P(AB) Xy, 1, O(AB) Xy, 1.0)

. S(tyde = IO S(t)yde

Which implies that as n — oo

J‘M (P(AB)x);115 Q0405 KE)
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M (ABz, ABz, t) *M (z,z,t) *M (z, ABz, t)
M (ABz, z, kt) {*M(ABZ, z V"M (ABz, 7, 1) *M (ABz, AB=, 1)
C(t)dt > £ (t)dt
0
{1 #1 *M (z, ABz, t) *M (ABz, z, t)*M (ABz, z, t) *1}
> j £ (t)dt
0
{M (ABz, z, t)}
> J. £ (t)dt
0

Therefore, by lemma (2.3), we have ABz = z.
By putting 8 = 1, setting x = Px,, and y = X5, in the inequality (5), we have

M(AB(PXZn)’ P(Px2n)’t) *M(ST‘x2n+2’ Q‘x2n+1’[) *

M (P(Px2n ), Qx2n+1, kt) M (STxy,,1, P(Pxy,), t) *M (AB(Px;,),0%) .1, 1)

j é/(t)dt > j *M (AB(Pxy,), STxy,.1,t) *M (P(Px,,), O(Px,,).t) é/(t)dt
0 0

Taking the limit n = oo, we have

M(z, Pz, t) *M (z,z,t) *M (z, Pz, t)

M (Pz, z, kt) A ) )

} t)dt
. ¢ (1)
{M(z, Pz, t) #*1*M (z, Pz, t) *1*1*M (Pz, z, t)}
-| £ (s
0
I{ M (Pz, z, t)}

0

>

¢ (t)dt

By lemma (2.3), we have Pz = z. Therefore ABz = Pz = z.

Now, we show that Bz = z. by putting § = 1, setting x = Bz and y = x,,,; in the inequality (5), and using (2)
we have

M (AB(Bz), P(Bz),t) *M (STx5,,1, Qxy,,1.t) *
M (P(Bz), Qx2n+1, kt) M (STxy,,, P(Bz), t) *M (AB(Bz),0x5,.1, 1)
'[ é’(t)dt > '[ *M (AB(Bz), STx,,,,,t) *M (P(Bz), Q(Bz),t) é’(t)dt
0 0

M (Bz,Bz,t) *M (z,z,t) *M (z,Bz,t)
M (Bz,z,kt) ] . *
I C(t)dt > IO{ M (Bz,z,t)*M (Bz,z,t) *M (Bz,z,t)

}g(t)dt

0

{l *1*M (z,Bz,t) *M (Bz,z,t) }
:J‘ *M (Bz,z,t)*M (Bz,z,t) (1) dt

0
I {M (Bz,z,t)}

0

£ (t)dt
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Therefore, by lemma (2.3), we have Bz = z. since ABz = z, therefore Az = z.
By putting f =1, setting x = zand y = STx,,,, in the inequality (5), we

M (ABz, Pz,t) *M ((ST)* x3,,7.0(ST)xy,,5.1) *
M ((ST)? x,,., Pz, t) *M (ABz,Q(ST)Xy, .5, 1)
J-M(Pz,Q(ST)xZn+2, kt) *M (ABz, (ST)* xy,.5.t) *M (Pz, z,1)

. g(r)dt > jo £ (t)dt

Taking the limit n = oo, we have

M (z,z,t) *M (STz, STz,t) *M (STz, z,t)
M (z, STz kt) . . ;
J‘O £ (tydt J‘O{ M (z, STz,0)*M (z, STz,t) *M (z,z,t) }g(t)dt

{1 #1%M (STz, z,t) *M (z, STz,t) }

*M (z, STz,t)*1

t)dt

. g (1)

{M(z, STZ,I)}

> Jo S (t)dt

Therefore, by lemma (2.3), we have STz = z.
By putting 8 =1, setting x = zand y = Qx,,,, in the inequality (5), we have

M (ST (Ox5,,1), Pz, t) *M (ABz,0(0x,,1), t)

{M(ABZ’ PZ’t) *M ((ST(Qx2n+1)’Q(Qx2n+l )’t) *}
r M (Pz,0(0x),,1) kt)g(t)dt N J‘ *M (ABz, ST (Qx,,,1):t) *M (Pz, z,t)

t)dt
!, £
M (z,z,t) *M (z, Qz,t) *M (z, z,t)
r M (z, Qz.,kt) % « %
0 £ (1)t IO{ M (z, Qz,0)*M (z,z,t) *M (z,z,t) }g“(t)dt
{1 *M (z,0z,t)*1 *M (z,0z,t) *1%1}
-| £ (e
0
{M(Z,Qz,t)}
> Io S (t)dt

Therefore, by lemma (2.3), we have Qz = STz = z. Finally , we show that Tz = z.
By putting 8 =1, setting x = z and y = Tz in the inequality (5), we have

J-M(PZ,QTZ, kt) %%Z éf;, (t)T ;)MSSS %Z’,QQ(ZZ;))’ 1) *M(ST(Tz), Pzt) *M(ABz, Q(Tz),1)*
0

C(t)dt > jo{ C(t)dt

Mz, z,t) *M(Tz,Tz, t) *M(Tz, z,t) *M(z, Tz, t)*
| WMz Tz, 1) *M(z, 2, 1)

0

{l w1 *«M(Tz, 1Z,t) *M(z, Tz, t)*}
> J.OM(Z, Tz, ) * £(1ydt

C(t)dt
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M (z,Tz, kt) M (Pz,QTz, kt) {M(Z, Tz, t) }
j £ (t)dt =I c(t)de > j £ (t)dt
0

Therefore, by lemma (2.3), we have Tz = z. Since STz = z, therefore Sz = z. By combining the above results,
wehave Az=Bz=Sz=Tz=Pz=0Qz =z,

L.e. z is a common fixed point of A, B, S, T, P and Q.

For uniqueness, let w(w # z) be another common fixed point of A, B, S, T, P and Q and 8 = 1, then by (5), we
write

M(ABz, Pw,t) *M(STw,Qw, t) *M(STw, Pz, t) *M(ABz, Qw, t)*
£(t)dt > j M(4Bz, STw, 1) *M(Pz, Oz, 1
~Jo

{M(Z, w,t) *M(w,w, t) *M(w, z, t) }

J‘M(Pz, Qw, kt)
S (t)dt

0

> J. *M(z, w,t)* M(z, w, t) *M (z, z, t) é’(l‘)dl‘
0
{M(Z, w,t) *1xM(w, z, t) *M(z, w,t)* M(z, w, t) *1}
=I S (t)dt
0
It follows that

M (z,w, kt) {M(z, w,t)}
IO S(t)ydt 2 '[ S (t)dt

Therefore, by lemma (2.3), we have z = w. This completes the proof of theorem.

Remark (4.1). In Theorem 4.1, if we put P = Q, our theorem reduces to the result due to Cho [38].

If we put B =T =1 (The identity map on X) in theorem 4.1, we have the following:

Corollary 4.2: Let (X, M,*) be a complete fuzzy metric space with t * t =t for all t € [0,1] and the condition
(FM-6) Let A, S, P and Q be mappings from X into itself such that

(1) P(X) S AX), QX) ES(X),

(2) A and S are continuous,
(3) the pair (P, A) and (Q , S) are compatible of type (@),
(4) there exists a number k € (0, 1) such that

M(Ax, Px,1) *M(Sy, Qy, 1) *M(Sy, Px, B1) *M(4x,Qy,(2-B)1)*
M (Px, Qy. kt) {M(Ax, Sy, 1) *M(Px, Ox, 1) }
S(t)dt > o

0

S (t)dt

forallx,y € X, 8 € (0,2),t > 0.
Then A, S, P and Q have a unique common fixed point in X.
If we put A=B =S =T =1 (The identity map on X) in theorem 4.1, we have the following:

Corollary 4.3: Let (X, M,*) be a complete fuzzy metric space with t * t =t for all t € [0,1] and the condition
(FM-6) Let P and Q be mappings from X into itself such that

(1) P(X) SQ(X),
(2) Q is a continuous,

(3) the pair (P, Q) is compatible of type («),
(4) there exists a number k € (0, 1) such that

{M(x, Px,t) *M(y,Qy, 1) *M(y, Px, 1) *M(x,Qy,(2=f)1)*

M(x, y, t) *M(Px, Qx, t)
é t)dt > ‘
( )

J~M (Px, Qy, kt)
C(t)dt

0
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forallx,y € X, 8 € (0,2),t > 0.

Then P and Q have a unique common fixed point in X.

If we put P=Q, A=S, B=T=1(The identity map on X) in theorem 4.1, we have the following:
Corollary 4.4: Let (X, M,*) be a complete fuzzy metric space with t * t =t for all t € [0,1] and the condition
(FM-6) Let P and S be mappings from X into itself such that

(1) P(X) <8(X),

(2) S is a continuous,

(3) the pair (P, S) is compatible of type (a),

(4) there exists a number k € (0, 1) such that

{M(Sx, Px,t) *M(Sy, Py, t) *M(Sy, Px, ft) *M(Sx,Py, (2—-f)t)*

M(Sx, Sy, t) *M(Px, Px, t)
é t)dt > ‘
( )

J-M(Px,Py,kt)
¢(r)dt

forallx,y € X, 8 € (0,2),t > 0.

Then P and S have a unique common fixed point in X.
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