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ABSTRACT
In this paper, we have derived formulae for the Riemann-Liouville fractional integral and fractional derivative of
the product of the Manoj Sharma’s M-series and the Fox H-function. Also the fractional integrals defined by
Saxena and Kumbhat of the M-series is found with the help of integral of H-function. The M- series is a
particular case of the H-function of Inayat-Hussain. Certain special cases of the formulae have also been
discussed.
Mathematics Subject classification: 26A33, 33C60.
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1. INTRODUCTION
The purpose of this paper is to establish theorems on the fractional integrals and fractional derivatives of the
product of M-series and H-function. The theorems derived in this paper provide an extension of the work [6].
The Riemann-Liouville Fractional Integral of order « [3] is defined and represented as

18, f(x) = f(x —t) “If(t)dt,x > a (1.1)

1
r(@

a
where a € C, R(a) > 0, f(x) € L(a, b) which is the Space of Lebesgue measurable function.

The Riemann-Liouville Fractional differential of order a € C [3] is defined and represented as

1 a\" | p(t)dt
(DG ) (x) = ( — (a) m,

a
Where [R(a)] means the integral part of R(a) = 0.
Various definitions of fractional integration have been given from time to time by many authors, viz. Kober
(1940), Erdélyi (1950-51), Saxena (1967), Kalla (1969) and many others
The fractional integral operator involving the H-function have been defined and denoted by Saxena and
Khumbat [7] in the following manner:

=[R(@)]+1;x>a (1.2)
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X
The conditions of validity of these operators are as follows:

) 1<P,Q<oo,P1+Q1=1

(ii) Re(n) + m min |Re f]/w >-—Q!
1<jsM J

(iii) Re(a)+ n mm Re f’/wj >-—Q!

1sjsM

(iv) Re(6+a)+ m r<n1n Re /a)] —

(v) f(x) € L,(0,0).
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Under these conditions Ry'“[f(x)] and K2"*[f (x)] exist and both belong to L, (0, ).

2. DEFINITIONS
FOX’S H-FUNCTION:
The H-function, defined by Fox[1], in terms of Mellin-Barnes type contour integral as follows:

(e ]'p])lp 1
= — 0 Sd 2.1
(f},(i)])lo fL (S)X S ( )

HMN

Where
ML P = @;5) D F(1 = ¢ + p5)

0(s) = 2.2
) H] =M+1 F(l _f]' + sz) l_[j')=N+1 I"(e]- —p]-S) @2
x # 0, and an empty product is interpreted as unity. The integers M,N,P,Q are such that
0 <N <P,0<M < Q; the coefficients p;(j = 1, ..., P), w;(j = 1,...,Q) are all positive;
ej(j=1,..,P),fj(j =1,..,Q) are all complex numbers. L is a suitably chosen contour such that all the poles of
0(s) are simple.
Braksma has shown that the integral in the right hand side of (2.1) is absolutely convergent when 4 >

0,larg z| < %An where

A=§:p]-— Z p]+Zw] Z w; (2.3)
j=1

j=N+1 j=M+1

THE M-SERIES:

This series is a special case of the H-function of Inayat-Hussain. The Manoj sharma’s M-series [6] is
interesting because the ,F,-hypergeometric function and the Mittag-Leffler function follows as its particular
cases, and these functions have found essential applications in solving problems in physics, biology, engineering
and applied sciences.

It is denoted and defined as:
v v  (ay) o (ap)k xk
M) = M, (@1 Gy by by x) = kz G o), TR (2.4)

Here, v € C,R(v) > 0 and (a]-)k, (bf)k are the Pochammer symbols. The series (2.3) is defined when none of

the parameters b;s,j = 1,2, ... q, is a negative integer or zero. If any numerator parameter is a negative integer or
zero, then the series terminatesto a polynomial in x.

3. MATHEMATICAL PREREQUISITES
The following results are needed to establish the theorems:

The Beta function is defined as:
1

fum_l (1—w)"1du=B(m,n) 3.1
0
The modified Beta function is as follows:
t—a)™tb-)"dt=(b—a “1B(m,n), for R(m) > 0,R(n) > .
St =) (b - )" idt = (b — &)™ B(m,n), forR(m) > 0,R(n) >0 (32)
The following integrals of the H-function [7] is also used:
r (¢, 05)
P
ft"_l G — 7 HYY [yt (x — )P ( ’ ])1‘P dt
° g (¢
1 -nw, 1A -09),(ep;
= xTto- 1H113w+1;152+1 yx”hg e (3.3)
(ff‘wf)lo —o,u+9)

The conditions of validity of (3.3) are:
(i) u = 0,9 = 0 ( not both zero simultaneously), 1, o are complex numbers,
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ii) Re min |Re f]/ >0 & Re(c) +9 min |Re f]/ - 1>0.
(i) ReQn) +u 1<j<M wj (@) + 1<j<M @i
( (
e,p )

- - J72F17q,p
ft" Lt —x) T HY |yt (e — x)? dt
x (f}’ wj)l,Q

(1 — 0, 19)1 (ej' Pj)“,: (1 -n #)
' (3.4)
Q-n—-o0o,u+9), (f], w]-)l'Q

— N+o-1pgM+1N+1 u+9
=x Hp 5041

The conditions of validity of (3.4) are:

) u = 0,9 = 0 ( not both zero simultaneously), 1, o are complex numbers,
1-n-o . ei—1
(ii) min |Re (MWT) 1r<r}1<rllw Re Jj w; |[>max [—Re (19) , max [Re( ]p,- )”

4, THEOREMS ON THE PRODUCT OF THE H-FUNCTION AND M-SERIES
The fractional Riemann-Liouville (R-L) integral operator (for lower limit a = 0, with respect to variable x), of
the product of the H-function and M-series:
Theorem1:

(=k,0), (e
), (¢ p]) l @1

v MNT .. g a M,N+
I { qu(x)Hp,b [cx ]}= x M (x) P+1Q+1 [Cx (f]’w])m (- a—k o)

Here veC,R(v) > 0,aeC,R(a) > 0,0 > 0 and M, N, P and Q are non-negative integers satisfying the

condition (2.3). Also the uniform convergence of the M-series is discussed above.

Proof. Expressing the H-function and the M—series with the help of (2.1) and (2.4) respectively, we get
X

o v MN 0 1 a1 1)k (ap) tk 1 s os
Iy { qu(x)HP,Q [cx ]} = mf(x —t) L B (bq)k ok + 1) %L c® 0(s)t’*dsdt

Then, using the term by term integration, we obtain

Iff{ 1\:1) (x)HII,wa[cx"]}
1 (ak - o
- F(a) 2mi _I; (S)Z (b - (bq) F(vk+ D f (x — ) 1 ¢ktosde ds

_ 1 50 (al)k (ap) 1 & * AN k+os
- Ta)ﬁfL (S)Z(bl)k (b)), TCk+D)" 1f0 (‘“E) e ds

Using the substltutlon - = u, the above equation takes the form,
1 (@) -(ap), 1 1
s S k+os+af 1—u a-1 uk+asduds
T T ZmIL ()Z(bl)k (b) r(vk+1) 0( )
Using the definition of Beta function from (3.1), we have,

x* 50 (a)k - (ap)k x* I'a)(k+os+1)
F(a) 2mi fL o(s )Z (b)) "'(bq)k rvk+1D) rla+k+os+1)

Rearranging the terms follows the right hand side of (4.1).
Theorem 2: The Riemann-Liouville Fractional differential of order a € C of the product of H-function and M-

series are
v (ej'Pj)
D& HYN x| LP }
X{ pMg(x) "'PQ (fj'wj)w
( k O—) (e}’pj)lp l

(f}‘wj)l‘Q’ - k’ 0)
Here veC,R(w) > 0,aeC,R(a) > 0,0 > 0 and M, N, P and Q are non-negative integers satisfying the
condition (2.3). Also the uniform convergence of the M-series is discussed above.

x%5ds

cx® 4.2)

=x"¢ M x) HP+1 Q+1
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Proof. Expressing the H-function and the M-series with the help of (2.1) and (2.4) respectively, we get

(]’p])lp 1 .
(f],w]) F(n—a) dx f(x—t)

(al)k (ap)k tk 1 . .
£ (by)y. - (by), T Wk +1) 21 fL c*0(s)t?ds dt

Term by term integration leads to

1 d " 1 (al)k (ap)
= Se n—a-1sk+os
" I'(n-a) (dx) 2mf 0(s) z : (b - (bq) Tk + 1)f(x t) t*To%dt ds
Using the modified Beta function (3 2) we get

- 4y 1 °0 ()i (aP) ! n-a+k+os
- F(Tl - a) (dX> Zﬂlf ( ) z (bl)k (bq) F(Uk + 1) (Tl - a;k + os + 1)x ke ds

Differentiating n-times ,the term x" Hicras

v

M,N
D oM, (%) Hp o cx®

, we get
(=k,0), (e]’pl)

(f]’w]')l_Q’ - k’ O-)

=x* M (x) HP+1Q+1 [cx

FRACTIONAL INTEGRALS OF THE M-SERIES:

The fractional integral operator of the M-series involving the H-function defined by Saxena and Khumbat is
derived in Theorem3 and Theorem4 as follows:

THEOREM 3:

v
R i qu(xl)i
= v N HMNE2 g (A = Ak —n, 1), (=0, 9), (ej’pj)l,P
pMg (x?) FP420+2 (f]-,w]-)w, (—2k-n—-0c—-1u+9)
v € C,R(v) > 0,The conditions of validity of this ope'rator is given with (1.3) and the the convergence of M-

series is provided with (2.4).
Proof: Applying the fractional 1ntegra1 (1.3) and expressing the M-series from (2.4), we get

(al)k (ap) 1

(4.3)

R'I'U[ ]: —n—a—lf n _ o Ak
* qu(xl) g J v £ (b)e ...(bq)kl"(vk+1)t
e p;
Hpg' [ka™®+9ek (xc — £)° ((f] w].))l'P
7777 71,0

Changing the order of summation and integration and applying the integral (3.3 ), we obtain
ZL(a)y ...(ap)k 1

-n-o-1 x
£ (by) - (bg), T Wk +1)

(Ak+n+o+2)-1

(=Ak —n,u), (-0, 19)(ejrpj)1,P

(f w,-)LQ, (=Ak—n—0o—1,u+9)
Rearranging the terms of the above equation we obtain the right hand side of (4.3).

HM,N kx—(u+19)xy.+19

THEOREM 4:

k

(=a,9), (e, p;). ,(1+6+0—2Ak,
A 0 H)l (4.4)

K‘;"’[ v A]= v ayHYY
< | pMg(x?) pMq(x*) fpia (6 = Ak, + ), (),
v € C,R(v) > 0,The conditions of validity of this operator is given with (1.3) and the the convergence of M-

series is provided with (2.4).
Proof: Applying the fractlonal integral (1.4) and express1ng the M-series from (2.4), we get

a g - (a ) 1
8,0 — —-6—-0-1 _ o 4 p
k| qu(xl)i - f e - 4 (bl)k (b)), TR+

X

Ak
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e,pi
H}'fb” kxtt =@+ (¢ — x)? (¢ ])1'P
’ (f] ’ (lJ] )1.Q

Changing the order of summation and integration and applying the integral of H-function (3.4) , we obtain
s (a)y (ap)k 1 .
— (b - (bq)k r'vk +1)

—8—-0+Ak+o+1-1

=X

kot —(ut+9)+9

. (=0,9),(e;.p;), ,» (1 + 6+ 0= 2k, i)
Hy')

6 — Ak, u+9), (f], w]-)l'Q
Rearranging the terms of the above equation we obtain the right hand side of (4.4).
5. Special Cases
If in the integral (4.1) we put a; = 0,b; = 0,j = 1, ..., q the M-series reduces to Mittag-Leffler function [4] we
arrive at the following result after a little simplification.

1Z{E, () Hplg' [ex1} = x“E, (OHp{1 041 [cx”

(—k.0).(e5.0)), , l (5.1
(fj'wj)LQ' (Fa—ko) |

Here veC,R(w) > 0,aeC,R(a) > 0,0 > 0.
A number of special cases involving functions that are special cases of M-series and Fox H-function can be
obtained from the above five results but we do not record them here.
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