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Abstract

In the present paper we prove fixed point and common fixed point theorems in two self mappings satisfy quasi
type contraction.
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Introduction and Preliminaries
Vector metric space, which is introduced in [6] by motivated this paper [7] , is generalisation of metric
space ,where the metric is Riesz space valued .Actually in both of them , the metric map is vector space valued.
One of the difference between our metric definition and Huang-Zhang’s metric definition is that there exist a
cone due to the natural existence of ordering on Riesz space .The other difference is that our definition
eliminates the requirement for the vector space to have a topological structure.

A Riesz space (or a vector lattice) is an ordered vector space and alattice. Let E be a Riesz space with the
positive E; = {x € E: x > 0}.If {a,} is a decreasing sequence in E such that infa, = a,we write a, ! a

Definition 1. The Riesz space E is said to be Archimedean if %a 1 0 holds for every a € E,.
Definition 2. A sequence (b,) is said to order convergent (or o-convergent) to b, if there is a sequence (a,) in E
o

satisfying a, 4 0 and |b, — b| < a,for all n,and written b, - b or
o-limb, = b, where |a| = sup{a, —a} for any a € E.
Definition3. A sequence (b,) is said to order Cauchy (or o-cauchy) if there exists a sequence (a,) in E such that
a, { 0and |b,_b,,4| <a,holds for n and p.
Definition4. The Riesz space E is said to be o-cauchy complete if every o-cauchy sequence is o-convergent.
VECTOR METRIC SPACES
Definition 4.let X be anon empty set and E be a Riesz space .The function
d: X XX — Eis said to be avector metric (or E-metric) if it is satisfying the following properties :
(i)d(x,y) = 0ifand only ifx = y.
(iDd(x,y) < d(x,z) + d(y,z)
For all x,y,z € X. Also the triple (X, d ,E) (briefly X with the default parameters omitted) is said to be vector
metric space. .
Main Results
Recently ,many authors have studied on common fixed point theorems for weakly compatible pairs (see [1], [3],
[4], [8], [9]). Let T and S be self maps of a set X. if y = Tx = Sx for some,

x € X, then y is said to be a point of coincidence and xis said to be coincidence point
of Tand S. If T and S are weakly compatible ,that is they are commuting at their coincidence point on X, then
the point of coincidence y is the unique common fixed point of these maps [1].
Theorem 1 :Let X be a vector space with E is Archimedean. Suppose the mappings S, T : X X X —
X satisfies the following conditions
(Dforallx,y € X, d(Tx, Ty) < ku(x,y) (1)

where k € [0,1)is a constant and

uGxy) € fa(sx,Sy), (3%, T, d(Sy, Ty), d(Sx, Ty), d(Sy, Tx),% [d(%, ) + A5y, 1}
(i) T(x) € S(x)
(iii) S(x) or T(x)is a E-Complete subspace of x.
Then T and S have a unique fixed point of coincidence in X . Moreover, if S and Tare weakly compatible ,then
they have a unique common fixed point in X.

Proof : Let X, x; € X. Define the sequence (x,) by Sx,,; = Tx, = y, forn € N.
We first show that

d(Yn 'Yn+1) <kd(yn-1,¥n) 2)
For all n. we have that
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d(Yn,Yn+1) = d(Txp, TXpeq) < ku(xp, Xp41)
Fir all n. Now we have to consider the following three cases:
Ifu(xnrxn+1) = d(Yn—l' YH) then clearly (Z)hOIdS 'Ifu(xnrxn+1) = d(Yn JYn+1)
Then according to Remark 1 d(y, ,yn+1) = 0 and (2)is immediate. Finally , suppose that

1
u(Xp, Xn41) = Ed(Yn—1'Yn+1)- Then,

k k 1
d(Yn 'Yn+1) < Ed(Yn—lt Yn+1) < Ed(Yn—lt Yn) + Ed(Yn 'Yn+1)

Holds , and we prove (2).

We have

d(Yn , Yn+1) < k"d(yo,y1)
For all n and p,
d(Yn 'Yn+p) < d(Yn 'Yn+1) + d(Yn+1' Yn+2) +-t d(Yn+p—1' Yn+p)
< (K" + KM+ KM 4+ KPP d(o, )
n

k
(Y Ynep) < 75 400 y1)

Holds .Now since E is Archimedean then (y,) is an E-cauchy sequence. Since the range of S contains the range
of T and the range of at least one is E-Complete , there exists a z € S(X)

such that Sx, CE z. Hence there exists a sequence (a,)in E such thata, 1 0
and d(Sxp,z) < a, .On the other hand , we can find w € X such that Sw = z.
Let us show that Tw = z we have
d(Tw, z) < d(Tw, Tx,) + d(Txp, z) < Ku(x,, W) + apeq
for all n . Since
d(Sx,, Sw), d(Sxp, Tx,), d(Sw, Tw), d(Sx,, Tw), d(Sw, Tx,)
UG w) € % [d(Sx,, Tw) + d(Sw, Tx,)]

At least one of the following four cases holds for all n.

Case 1 :
d(Tw, z) < d(Sx,, SW) + apy; < ap +ape; < 2a,
Case 2 :
d(Tw, z) < d(Sx,, TXp) + aper < d(Sx,,z) + 2a,,, < 3a,
Case 3:

d(Tw,z) < kd(Sw, Tw) + ap,; < kd(Tw, z) + a,,
thatis d(Tw,z) <
Case 4 :

1—kom
d(Tw,z) < d(Sxp, Tw) + apyq < d(Sx,,z) + d(Tw,z) + 3a,44 < 4a,
Case 5:

d(Tw, z) < kd(Sw, Tx,,) + apy1 < kd(Tx,,z) + 2a,44 < 3a,

Case 6 :

d(Tw, z) < Z[d(Sxy, Tw) + d(SW, Txp)] + anas

1 3
< Ed(an, Tw) + Eanﬂ
< %d(SXn, z) + %d(Tw, z) + %an

1
< Ed(TW, z) + 2a,

Thatis ,d(Tw,z) < 4a,
Since the infimum of the sequence on the right side of last inequality are zero, then
d(Tw,z) = 0,i.e.Tw = z. Therefore, z is a point of coincidence of T and S.

If z, is another point of coincidence then there is w; € Xwithz; = Tw; = Sw; .
Now from (1), it follows that
d (z,z; ) =d(Tw, Tw; ) < ku(w, wy ).
Where

d(Sw, Sw, ), d(Sw, Tw),d(SW1 Tw, ),d(SW,TWI )d(Sw1 Tw ),

u(w,wy ) € 1
> [d(Sw, Tw,) + d(Swq, Tw)]

= {0,d(z,z; )}.
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Hence d(z,z, ) = O thatisz =z, .
If S and T are weakly compatible then it is obvious that z is unique common fixed point of T and S by [1].

Theorem 2 : Let X be an vector metric space with E is Archimedean. Suppose the mappings S, T : X —
X satisfies the following conditions
(i) forall x,y € X,
d(Tx, Ty) < ku(x,y) 3
Where k € [0,1)is a constant and

d(Sx, Sy),l [d(Sx, Tx) + d(Sy, Ty)],l [d(Sx, Ty) + d(Sy, Tx)],
ux,y) € 2 Ll
3 [d(Sx, Tx) + d(Sx, TY)]'E [d(Sy, Ty) + d(Sy, Tx)]

(i) TX) & S(X),

(iii) S(X) or T(X) is E- Complete subspace of X.

Then T and S have a unique point of coincidence in X. Moreover, if S and T are weakly compatible, then they
have a unique common fixed point in X.

Proof : Let us define the sequence (x,)and (y,) as in the proof of Theorem 1, we first

Show that

d(Yn 'Yn+1) <kd(yn-1,¥n) “4)
For all n. Notice that

d(Yn 'Yn+1) = d(TXn: TXn+1) < ku(xnrxn+1)r
For all n.

As in Theorem 1, we have to consider three cases: u(xy,Xp4+1) = d(Yn—1, Vo),
1 1
u(anXn+1) = 2 [d(Yn—lr Yn) + d(Yn 'Yn+1)] and u(Xn:Xn+1) = Ed(Yn—li Yn+1)'
First and third have been shown in the proof of Theorem 1. Consider only the second case.

1
IF UGk Xns1) = 5 [dn-1,Yn) + dWn, Yne1)], then from (3)we have

1 k 1
d(Yn 'Yn+1) < E [d(Yn—lﬁ Yn) + d(Yn 'Yn+1)] < Ed(Yn—lt Yn) + Ed(Yn 'Yn+1) '

Hence. (4) Holds.
In the proof of this Theorem 1 we illustrate that (y,) is an E-Cauchy sequence. Then there exist z € S(X),w €
X and (a,) in E such that Sw = z,d(Sx,,z) < a,anda, { 0
Now, we have to show that Tw = z. We have
d(Tw,z) < d(Tw,, Tx,) + d(Txy,2) < u(x,, W) + apyq
For all n. since

1 1
d(Sx,, Sw), > [d(Sxp, Tx,) + d(Sw, Tw)], > [d(Sxp, Tw) + d(Sw, Tx,)],

u(x,, w) € 1
3 [d(Sxy, Txy,) + d(Sxy, Tw)],E [d(Sw, Tx,) + d(Sw, Tw)]
At least three of the five holds for all n. Consider only the cases of
1 1 1
u(x,, w) = 3 [d(Sxp, Txy) + d(Sw, TW)]'E [d(Sxp, Tx,) + d(Sx,, Tw)],z [d(Sw, Tx,) + d(Sw, Tw)]
Because the other four cases have shown that the proof of Theorem 1 . It is satisfied that

1 1
d(Tw,z) < 3 [d(Sxp, Tx,) + d(Sw, Tw)] + 3 [d(Sxy, Tx,) + d(Sx,, Tw)]
1
+ 3 [d(Sw, Tx,) + d(Sw, Tw)] + a, 44

< =[d(Sx,,z) + d(Tx,,z) + d(z, Tw)] + % [d(Sxp,z) + d(Txy, z) + d(Sx,,z) + d(z, Tw)]

N| -

1
+5 [d(Txp,z) +d(z, TW)] + ap4q

1 1
< =d(Sxp,z) + Ed(Txn, z) + Ed(z, Tw) + apyq

N| RN -~

1 3
<-a,+ 5 d(z, Tw) + Ea"“
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1
d(Tw,z) < > d(z, Tw) + 2a,

That is d(z, Tw) < 4a,,.Since 4a, | 0 then Tw = z.Hence z is a point of coincidence
of T and S. The uniqueness of z as in the proof of Theorem 1. Also, If S and T are weakly
compatible, then it is obvious that z is unique common fixed point of Tand S by [1].

Theorem 3 :Let X be an vector space with E is Archimedean. Suppose the mappings
S, T: X — X satisfies the following conditions
(i) forallx,y € X
1

d(Tx, Ty) < a d(Sx, Tx) + B d(Sy, Ty) + y d(Sx, Ty) + & d(Sy, Tx) + n d(Sx, Sy) + > u{d(Sx, Tx) + d(Sy, Ty)}
(i) TX) < S(X),
(ii1) S(X) or T(X) is E-complete subspace of X

Then T and S have a unique point of coincidence in X .Moreover, If S and T are weakly compatible, then they
have a unique common fixed point in X .
Proof :Let us define the sequence (x,)and (y,) as in the proof of Theorem 1, we have to show that

d(Yn 4 YH+1) < k d(Yn—l' YH) (5)
For some k € [0,1) and for all n. Consider Sx,,; = Tx, =y, for all n. Then
d(¥n,¥Yn+1) < (@+M)dEn-1,¥n) + B dWn,Yn+1) +¥d(¥n-1,Yn+1)

1
+5 u[d(¥n-1,¥n) + d¥n,Yn+1)]
And

d(Yn 'Yn+1) <a d(Yn 'Yn+1) + (B + n)d(Yn—lt Yn) + Sd(Yn—l' Yn+1)
For all n. Hence,

a+B+y+6+2n+yp
2—a+B+y+d
a+B+y+8+2n+p .
oatBivis ,thenk € [0,1)and (5)is hold.

In the proof of Theorem 1 we illustrate that (y,) is an E-Cauchy sequence .then there exist z € s(X),w €
X and (a,) in E such that Sw = z,d(Sx,,z) <apanda, 0.
Let us show that Tw =z .we have
d(Tw, z) < d(Tw, Tx,) + d(Txy, z)
< (a+ 6+ wWd(Tw,z) + (B+ 8 +1)d(Sx,,z) + (B + v+ 1)d(Tx,, z)
<(a+6+wWd(Tw,z2)+B+6+ma, +B+y+1)+ay,
<(a+6+wWd(Tw,z2) + 2B+y+8+n+ 1a,

d(Yn IYn+1) < d(Yn—lﬁ}In)

If we choose k =

. @B+y+8+n+1)
Thatis d(Tw,z) < 1—(a+8+1)

Then d(Tw,z) = 0,i.e.Tw = z.Hence,
Z is a point of coincidence of T and S. The uniqueness of z is easily seen. Also ,If S and T are weakly
compatible , then it is obvious that z is unique common fixed point of T and S by [1].
Corrollary 1: Let X be an vector space with E is Archimedean. Suppose the mappings
S, T: X — X satisfies the following conditions
6) Forallx,y € X,

ap, for all n.

d(Tx, Ty) < kd(Sx, Sy) (6)
Where k< 1

(i) TX) E S(X),

(iii) S(X) or T(X) is E- Complete subspace of X.
Then T and S have a unique point of coincidence in X .Moreover, If S and T are weakly compatible, then they
have a unique common fixed point in X .

Now we give an illustrative example

Example :Let E = R? with coordinatwise ordering (since R? is not Archmedean with
lexicografical ordering ,then we can not use this ordering ), X= R? ,d(x,y) = (x—y |, a|lx—y|),a > 0,Tx =
2x% + 1 and Sx = 4x? .Then, for all x,y € X we have

d(Tx, Ty) = %d(SX, Sy) < kd(Sx,Sy)
Fork e E, 1),
T(X) =[1,0) € [0,0) = S(X)

250



Mathematical Theory and Modeling wWww.iiste.org
ISSN 2224-5804 (Paper) ISSN 2225-0522 (Online) b rl
Vol.3, No.6, 2013-Selected from International Conference on Recent Trends in Applied Sciences with Engineering Applications “s E

And T(X) is E-complete subspace of X. Therefore all conditions of corollary 1 are satisfied. Thus T and S have a
unique point of coincidence in X .
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