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ABSTRACT

A fixed point theorem for a pair of random generalized non-linear contraction mappings involving four points of
the space under consideration is proven. It is shown that this result includes the result of Lee and Padgett [1].
Also an application of the result is given.
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1. Introduction and preliminaries
The idea of fixed points plays a very important role in solving deterministic operator equations. Recently the
idea of random fixed point theorems which are the stochastic generalization of the classical fixed point theorems
has become a very important part of the theory of some operator equations which can be regarded as random
operator equations. Many interesting results have been established by various authors (see for example Bharucha
— Reid [2], Hans [3], Padgett [4], Tsokos [5], Tsokas and padgett [6], Lee and padgett [7] in this area.

Recently, a fixed point theorem for a pair of generalized non-linear contraction mappings involving four
points of the space under consideration, which includes many well known results as special cases has been
established by Achari [8] (see also Achari [9], Pittanuer [10]).

The object of this paper is to study a stochastic version of a pair of generalized non-linear contraction
mappings of Achari [8]. Also it has been shown that this result generalizes the result of Lee and Padgett [1]. It is
interesting to note that with suitable modification of the conditions of the theorem, we can easily obtain
stochastic generalizations of the results of different classical fixed points. Finally, we apply theorem 2 to prove
the existence of a solution in a Banach space of a random non-linear integral equation of the form

X (t; w)=h(t; w) + [k (t, s; W) f(s, x (s; W) d,  (8) ... (1.1
where s is a locally compact metric space with metric d defined on S X S, p is a complete 3-finite measure
defined on the collection of Borel subsets of S and the integral is a Bochner integral.

In this section, we state some definitions as used by Lee and padgett [1]. Let (Q2, S. P) be complete probability
measure space, and Let (X, B) and (Y, C) be two measurable spaces, where X and Y are Banach spaces and B
and C are 6-algebras of Borel subsets of X and Y, respectively. First, we state the usual definitions of a Banach
space-valued random variable and of a random operator.

Definition 1.1 : A function V : Q — X is said to be an X — valued random variable (Random element in X, or
generalized random variable)

if{foeQ:v(w)e B} eSforeachB e f3.

Definition 1.2 : A mapping T (w) : Q x X — Y is said to be a random operator if y (w) = T (w) x is a Y-valued
random variable for every x € X.

Definition 1.3 : Any X-valued random variable x (w) which satisfies the condition.

P{W:TwWx(W)-yWw)})=1
is said to be a random solution of the random operator equation

T (w)x=y (W).

Definition 1.4 : Lety;j(w),j=1,2, ...... , n be second order real valued random variables on a probability space
(©, S, P), that is y; (W) € L, (€, S, P). The collection of all n-component random vectors y' (W) = (y1 (W), ....., ¥n
(w)) constitutes a linear vector space if all equivalent random vectors are identified. Define the norm of y by
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1215 0 = s ([ aly P dp)f?

The space of all n-component random vectors y with second order components and norm given by || . ||LI21 above

is separable Banach space and will be denoted by Lg (Q, s, p) or erl. Let S be locally compact metric space
with metric d defined on S X S and let p be a complete d-finite measure defined on the Borel subsets of S.

Definition 1.5 : We define the space C (S, L; (Q, s, p)) to be the space of all continuous functions from S into

L; (Q, s, p) with the topology of uniform convergence on compacta. It may be noted that C (S, L; (Q, s, p))is
locally convex space whose topology is defined by a countable family of saminorms given by —
sup
x(tw)]i= xtw] 5,.i=1,2, ...
| ) Il tec, 1% (6 Wl 5,

Definition 1.6 : Let B and D be Banach spaces. The pair (B, D) is said to be admissible with respect to a random
operator U (w) if U (w) (B) cD.

Definition 1.7 : A random operator T (w) on a Banach space x with domain D (T(w)) is said to be a random
generalized nonlinear contraction if there exists non-negative real-valued upper semi-continuous functions ¥;

T
(w),1=1,2, ...... , 7. Satisfying ¥; (w) (r) < 7 for r > 0, ¥; (w) (0) and such that

ITWxi—TWxy | < ¥ (Ixi-xaf) + ¥ (Ix1 = T(W)x, [])
W5 ([[x-T(W)xaf[) + Wa ([x;-T (W)X [[)
+Ws (Ix-T (w)xy|))
+ We [lIx-T (W) x; [ + (IIx;-T(W)x5|])]
1H[x=T(w)x, ) ([[x;1-T(W)x2[))]
+ W7 [xo-T (W) x5 ) + ([[xo-T(w)x; D]
1H[x2-T(W)Xall) ([[x2-T(W)x4[))]

For all x4, x, € D (T (W)

2.Main results

A fixed point theorem for a pair of random generalized non-linear contraction.

Theorem 2.1 :- suppose A; (W) and A, (w) are a pair of random operators from a separable banach space x into
itself such that

A1 (W) Xi-As (W) Xs ||
<YW (lIxi=xal]) + W2 ([Ixi-A1 (W)xs]]) +¥5 (|[x2-Az (W) X4|
+ Wy ([x1-Az (W)xa]]) + W's ([Ix2-Ay (W) x3]])

[(I]x,— 4, (w)x;]) + (|Jx,— 4, (w)x, D]
* T L(—A, (0)51xi—, (), ]
. (A + (A (w5, )
1+[(||X2 A, (WX, I(IK,—A,(W)x5ID] 2.1

Where ¥; (w), i = 1, 2, ..o 7, are non-negative real-valued upper semi-continuous functions

r
satisfying ¥; (w) (r) < 7, forr >0, ¥; =0 (w) (o) and for all x;, X, X3, X4 € X. Then there exists an x — valued

random variable 1 (w) which is the unique common fixed point of A; (w) and A, (w).
Proof: Letx,y € x and we define.
X1 = Ay (W), X2 = Ay (W) X, X3 =X, X4 = Y

Then (2.1) takes the form

A1 (W) Az (W) y — Ay (W) A (W) x ||

YA W x-A Wyt (A (W) x—A (W) y )

+¥5 (A (W) x = Ay (W) y D+ W (A2 (W) y — Az (W) )

+W¥s (A (W) x— A (W) x )

(1A (W)x = A2(W)y [+ (A, (W)y A, (W)y D]
" 1+[(IA (Wx =AWy [T [(A (W) y —A,(w)y )]
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. LA WX A, (W)y [D+(lIA, (W)X —A, (W)X [D]
TLHIA (W)X =AWy (1 LA (W) x A, (W)x [])]

< (AL (W) x-Az (Wy]| + ¥z [JAL(W) x — As (W) y )
T (] Ay (W) x - Az (W) YD+ W (JAT (W) x - A (W) y )
¥ (AW x-AMyD 2.2)
Let X, € X be arbitrary and construct a sequence {x,) defined by
AY(W) Xp1 = Xn, Ag (W) Xp = Xpt1, Ap (W) X1 = Xnio, 051,200
Let us put x = x,,; and y = X, in (2.2), then we have
A (W) Az (W) X5-Ax(W) Ay (W) Xpa]|< i (IA1 (W) Xn.1-Ag (W) X4/[)
T (JA1 (W) Xoe1 - Ag (W) X, ||
+ W3 (JA1 (W) X1 - Az (W) Xal])
+ W (JA1 (W) Xuo1 - Ax (W) X, ||
+ 7 (1A (W) Xne1 - Az (W) X4l])
or
[Xn2 = Xne1l| < W1 ([[Xn = Xnet]]) + W2 ([[XaXns1]])
+ W5 ([xaXne ) + W2 ([[Xa-Xn1])
T (e —Xe ) (2.3)

We take n to be even and set o, = |[X,.1 — X,||.
Then oy = || Xp+1 — Xp2|
< (xeXaet]) + o (XX |+ ¥5 (%0 = Xns1) ||
+ e (|| Xa-Xat D Y7 ([[Xn — Xn1]])
< Wi (o) T W5 (o) + 5 (0torr)
+ ‘Pé (Ovn+l) + \P7 (Ovn+l) ......... (24)
From (2.4) it is clear o, decrease with n and hence o, = o as n — .
Let a > 0. Then since W, is upper semi-continuous, we obtain in the
limitasn — oo

a<W¥ (o) +%¥; (o) +¥3 () + ¥ (o) + 7 () < %05

which is impossible unless o = 0
Now, we shall show that {x,} is a cauchy sequence. If not, then there is an € > 0 and for all positive integers K,
there exist {m (k)} and {n (k)}with m (k) > n (k) > k, such that

dk = me(k) — Xn(k) H =€, e (25)

We may assume that - |[Xpx)-1~ Xaao || < €

by choosing m (k) to be the smallest number exceeding n (k) for which (2.5) holds. Then we have

dic < || Xy = Xm@o-1 || F [Xm@ig-1 = Xngi |

Sam(k)+ e<ogt e

which implies that d, — € as k — . Now the following cases are to be considered.

i) m is even and n is odd,

(i) m and n are both odd,

(1i1) m is odd and n is even,

(iv) m and n are both even
re. (i):

dk = me'xn” < me - Xm+1\|+HXm+l - Xn+1|| + ” Xn'XnHH
< Ot F O + AL (W) X — Ag (W) Xy
By putting x; = X, Xo = X, X3 = Xp.1, X4 = X1 10 (2.1), we have
<Ot + Oy T (XXl ) + W2 (Kp=Ay (W) Xaq )
+ W3 (|Xmn=A2(W) Xpetl]) + s (|| Xp-Ao(W) Xino1])
+Ws (|Xm-A1(W) Xn1|])

[(||Xn_Al(W)Xn—l||)+ I X, —Az(W)Xm_1||)
L[, A (W)X, DK, = A, (W)X, ()]
[, =4, (W)x, 1D+ 1] Gy, = A (W)x, D)
"L [(Ix,— A4, w)x, D, — 4, (W), D]

+¥
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< et F O T (di) s (di) + s (de) +W (di) + W7 (dy) letting k — oo we have
5

e<— €

This is contradiction if € > 0. In the case (ii), we have
die = || XXl < | X = X1l + X2 = Xenet|[FlXms2 = X [FlRo=X0 1|
< Ol F Ot F Ot F [ Ag (W) Xt — Ay (W) X, ||
By putting x; = Xy, Xp = Xin+1, X3 = Xn.1, X4 = Xpn i (3.1), we get
i Olp+2 + am+l+a’n+1+\Pl (||Xm+1 - Xn”) + \PZ (Hxn'Al (W) Xn-l” )
+ ‘Ij3 (HXerl'A2(W) Xm”) + \P4 (H Xn'A2(W) Xm H)
+YWs (IXm-A1(W) Xn1])
. [AX,=A (W)X, D+ [[X, — Ay (W)X ()
L+ (I, =A (W)x, L DI, A, (W)X, D]
] (X = A (W)X D+ [ (X = A (W)X, D
L+ [ = A (W)X L DI = A (W)X, (D]

< O + Olm+1 + Oln+1 + \Pl (dk+am+1) + \P4 (dk+ am+l)
+ W5 (ditomr) W (dictouns) + W7 (dit o).

+ ¥

5
Letting k — o in the above inequality we obtain € < — €, which is a contradiction if € > 0. Similarly, the

cases (iii) and (iv) may be disposed of. This Leads us to conclude that {x,} is a cachy sequence. Let 1 (w) be the
limit of the sequence. We shall now show that

A; (W) n (W) =n (W) = Ay (W) n (w). Putting X = X,,.1, Xp =1 (W), X3 = Xp+1, Xg4 = Xy, 10 (2.1), we get

| A1 (W) Xp1 — Az (W) M (W) ||

<% (ka1 -n (W) )+ W2 ([Xa1 = Ar (W) Xnea]])

3 (I (W) = Ao(W) X [[) + Fa ([[Xn1 — Az (W) Xal[)

+W¥s (I n (WAL (W) Xan|)) +

L= A WX D 1Oy = A (W)X, ]
T [(R =A (W)X DT = AL (W)X, (D]
[ W) =A, (WX, D+ [[((W) = A, (W) X, (D]

L[ =AW, D (W) = A (W) X, ]])]

Letting n — oo, we get || n(w)- Ay (w) 1 (w) || <0 which is a contradiction and hence n (W) = A, (W) n (w). In
the same, way, it is possible to show that n (w) = A; (w) n (w). Thus n (w) is a common fixed point of A; (W)
and A, (w). Suppose there is another fixed point & (w) # 1 (w) of A; (w) and A, (w). Then putting x; = x4 =1 (W)
and x, =x4 =& (w) in (2.1), we have

I (W) - & (W)l < 1 [ m(w) - & (W) ||+ F2 (I (W) - & () |

+ W5 (In(w)-E (W) + e (W] - & (W) +¥7 | (In (W) - & (WD

S%In(W)-é(W)II

which is contradiction. Hence 1 (w) = £ (w). This completes the proof. If in theorem 2.1, we put A; (w) = A, (W)
= A (w) and x; = X3 = X, X; = X4 = y then we have the following theorem which we only state without proof.
Theorem 2.2 : If A (w) is a random generalized non-linear contraction from a separable Banach space x into
itself, then there exists an x — valued random variable which is the unique fixed point of A (w).
We now have the following corollary of theorem 2.2
Corollary 2.3 : If A® (w) is a random generalized contraction from x into itself for some positive integer b, then
A (w) has a unique fixed point n (w) which is an x — valued random variable.
Proof : Since A® (w) is a random generalized non-linear contraction operator on X, by theorem 2.2, there exists a
unique x — valued random variable n (w) such that

A" (W) 1 (W) =1 (W)
We claim that A (w) n (W) =1 (w). If not, consider
IA™ (W) 1 (W)~ A" (W) n (W) |
<Wi(JA (W) (W) -1 (W) D+ 2 (JA (W) 1 (w) = A (w) n (w) [])
5 (I (W)= A" (W) 1 (WD ¥a (JA (W) 1 (W) = A” (W) 1 (W)
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+Ws (I (w) - A" (W) n (W)
[(| A(W)N(W) =A™ (W) n(W) ) + (I A(W)n(wW)—A" (W)n(W)]]]
"L+ A(w)n(w) A" (W)W [T A (w)n(w) A" (W) n(w)]]]
[UIn(w)=A"(wW)n (W) D +(In(w) = A" (w)n(W)]]]

"L ~A W TIMW) -A (wnwll o
Moreover, the left hand side of (2.31) is
| A" (w) 1 (w) = A” (W) 1 (W)]| = A (W) 1 (W) -1 (W) .- (232)

From (2.31) and (2.32), we have

[A (W) n (W) -n (W) ||

sFi(fAWNn W) -nW) ||+ (A W) (W) -n Wl

+ s (A (W) 0 (W) -1 (W) + Fs (JA (W) 0 (W) -1 (W)

5 (JA (W) 1 (W) -1 (W) )

which is, a contradiction and hence A (w) n (W) =1 (W)

we remark that under the conditions A; (w) = A, (W) = A (w) and

X1=X3=X,X=x4=y,¥; =¥, ¥j(w)(1)=0,=2,3,4,5,6,7,

the theorem 2.1 reduces to the following corollary.

Corollary 2.4 : (Lee and padgett [1]) :- If A (w) is a random non-linear contraction operator from a separable
Banach space x into itself, then there exists an x — valued random variable 1 (w) which is the unique random
fixed point of A (w).

2.4 Application to a Random Non-linear integral Equation :-

In this section we give an application of a random non-linear integral equation. To do so we have
followed the steps of Lee and padgett [1] with necessary modifications as required for the more general settings.
We shall assume the following conditions concerning the random kernel k (t, s; w). The functionk (., .;.) : Sx S
x QQ — R is such that

(1) Kt s;w):SxS— L, (Q,S, P)such that || k (t, s; w) || . || x (s; W) || L; is p-integrable with respect to
n
seS for each teS and x € C (s, L2 (Q, s, p) where for cach (t, S) € s x S
Ik (t, 85 W) [[|= [ k (t, 8; W) || L @s.p) 18 the norm in L, (Q,S,P);
(i) For each s € S, k (t, s; w) is continuous in t € S from S into L., (€2,S, P); for each t € S, k (t, s; w) is

continuous in s € S from s into L, (€2, S, P) and

(iii) There exists a positive real-valued function H on S such that H (S) || x (s; w) || lel is p-integrable for x
ec(s, L; (Q, S, P) and such that for each t, s € S.

K (6w w) =K s mw) [ x @ w) || 5 <HO)[x@w) ],

Thus, for each (t, s) € S x S, we have K (t, s; w) X (s; w) € Lz (Q, S, P). we now define the random integral

operator T (w) on ¢ (s, Lz (€, S, P) by

[Tw)x](t;w)= J.k tsswx(s;wydu(s) . (2.41)
S

where the integral is a Bochner Integral. Moreover, we have that for each t € S, [T (w) x] (t; w) € LZ

(Q, S, P) and that is a continuous linear operator from c (s, LZ (Q, S, P)) into itself. We now have the

following theorem.
Theorem 2.5 : We consider the stochastic integral equation (1.1) subject to the following conditions :

(a) B and D are Banach spaces stronger (cf. [1]) then C (s, LZ (Q, S, P) such that (B, D) is admissible

with respect to the integral operator defined by (4.1);

(b) x (t; w) = f(t, x (t; w)) is an operator from the set Q (p) = {x (; w) : x(t; w) e D, || x (; W) [b<p }
into the space B satisfying.

£t x & w)—f(ty(tw) s

=¥ (W) ([ x (& w) -y (& w) [lp)+ 2 (w) (| x (t w) — f{t, x (t; W))l|p)
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+ ¥ (W) (ly (6 W) -t (&, y (& W)p)+ e (W) (Ix (6 W) = £ty (t; W))llp)
+¥s (W) (|ly (6 w) = £ (t, x (t; W))llp)
[ Ctw) = £(6x (6 W) [l ) + ([ x (W) — £ y(t W) [lp ]
"I+ x(EwW) ~ F(Ex(EW) 1) (X6 W) = F(6Y(6EW)) [l ]
[Ty (tsw) = £(t, y(t;w)) [lp) +([y(tw) = (6 x(tEwW)) Iy ]
T1HIy (6 w) = F(6x (6w 1) 1y w) = (6 x(6wW)) [l ]

for x (t; w), y (t; w) € Q (p), where ¥; (W), 1=1, 2, ......, 7 are non-negative real-valued upper semi-

T
continuous functions satisfying ¥; (w) (r) < 7 forr> 0 and ¥; (w) (0) = O;

(c) h(t; w) € D.
Then there exists a unique random solution of (1.1) in Q (p), provided ¢ (w) < 1 and ||h (t; W) ||p + 2¢ (W) || f (t;
o)llp=p (I- ¢ (W)
where ¢ (w) is the norm of T (w).
Proof : Define the operator U (w) from Q (p) into D by
U GwW=hw+ [ ks w s w) de)
S
Now [[[U(w) x ] (t; W)llp < [[h (t; W) [|p + ¢ (W)I| £ (t, x (t; W) [[s
< I(&W)llp + ¢ (W) [If (& 0)l[s + ¢ (WII £ (&, x (t; W) — £(t; 0) [|.
Then from the conditions of the theorem.
¢ (w) [| £t x (t; w)) - £(t, 0)l[s
< Cw) [¥1 (W) (IIx (t Wlip) I+ W2 (W) ([Ix(t;w) — £ (8, X (t; W)]lp)
+ W5 (W) [If (&5 0)llp)+ Wa (W)([[x(tW)lp) +Ws (W) (| £(t, x (t; W))lIp)
 LAx(tw) = £t x (G W) [lp) + (1 x(E W) [ip)]
L+ (I x(t; w) = £t x(tw) [ ][ x (W) [[5)]
: [A£(t;0) llp) + (1 (¢t x (W) [Ip)]
L+ 0) [l (T (tx (W) [|)]

5 5 5
Le. = ew] fit, x (t W) (t; 0)l|s < 5 ¢ W) p+ 7 ¢ WIIF (€ )l

Hence
LU wix ] (6 Wllo <Ih (& Wil +2 ¢ W] £ (85 0)]ls + ¢ (W) p
<p(l-cw)+c(w)p
<p
Hence, [ U (w) x ] (t; w) € Q (p)
Now, for x (t; w), y (t; w) € Q (p) We have by condition (b)
I TU (w) x ] (t; w) = [U (W)y] (t; W) Ip

= K (s W IFs, 06 w) — £,y (5 )] du 9) o
S

eIt x(tw)—f(ty Ew)ls

scW) [P (I x (& w) =y (6 Wb+ 2 (W) (|| x (& w) — £ (¢, x(t, W)lp)

+¥5 (W) (ly (w) = £(t, y (& W) [[p)+ Fa (W) (Ix (t W) — (L, y (EW))]Ip)

+¥s (w) (lly (& w) = £t x (t; ))lp)

- Lx(tw) = £ (X (EW)) llp) + ([ x (W) ~F(ty (EW)) [lp)
T+ [ x(tw) = £t x (W) [lp)] [([x (GBw) = (6 y (tw)) [[p)]

_Llysw) =ty (W) [lb) + (ly (Ew) ~F(Lx (EW)) [lp)
T+l y(Ew) =1ty (W) [Ip)] [y (G w) = (t,x (W) [|5)]

= i (W) (Ix (& w) =y (t W))llp) + ¥z (W) ([Ix (t; w)-f (£, x (t; W))l|p)

+¥5 (W) (ly (6 W) = £t y (EW)llp) + ¥a (W) ([x (W) — £ty (Ew))lp)

+¥s (w) (lly (tw) — £ (t, x (& W))llp)

+ ¥
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[ x(tw) — £ (tx (W) [lp) + ([x (W) — £ty (EW)) [lp)
"I W) ~ f (6 x (5wW) ()T X (W) —F (LY (W) [1,)]

[yt w) =f(ty (tw)) llp) +ly (W) =t x (W) [lp)
L[yt w) = (ty (tw) lip)] [y (tw) =1 (8, x(tw)) ip)]

Since ¢ (w) < 1. Thus U (w) is a random non-linear contraction operator on Q (p). Hence, by theorem 2.2 there
exists a unique x — valued random variable x* (t; w) € Q (p) which is a fixed point of U (w), that is x * (t; w) is
the unique random solution of the equation (1.1).
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