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Abstract

Derivatives in polynomials were first defined by Ore. Since then, it has been used to construct many things,
such as skew polynomials code with derivatives, constructed by Suprijanto and Tang in 2021. In that paper,
the skew polynomial ring is defined explicitly for Z,+ vZ,, where v?=v, and automorphism
8(a + bv)=a+b-bv, and the &-derivative is Ag(x) = 8(x) —x. This paper finds some of the
properties of the 6-derivative Ag for any ring and automorphism 8.
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1. Introduction

In 1993, for any ring A, O. Ore defined a structure of a ring on the set {¥i-ya;x; [n € N,a; € A} with
ordinary addition of polynomials and multiplication is defined by xa = 8(a)x + Ag (a). The skew
polynomial ring over A with a &-derivative is denoted as A[x; &, Ag] where & is an automorphism in A and
Ag depends on 4.

In 2018, Irwansyah et al. studied the structure of & —cyclic codes over the ring B, including its connection to
quasi-& —cyclic codes over finite field F,» and skew polynomial rings over B,. They also characterized
Euclidean self-dual & —cyclic codes over the rings. Suprijanto and Tang also show that a skew polynomial with
0-derivative could construct some linear codes. It has been demonstrated that the skew polynomial ring is
significant in building a code. To provide a generalization, the main focus of this paper is to see some of the
properties of 0-derivatives.

2. Preliminaries

In this section, we will give some definitions and theorems about automorphism
and derivatives on the finite ring R;also, in this section, we will describe the
skew polynomial ring over R.

Definition 2.1(Wahyuni, et al., 2021). Let R, S be two rings, a map 8: R — S is a ring homomorphism if
B(x + y)=08(x)+ 8(y) and 8(xy) = 8(x).8(v), forall x, v € R. Also, if 8 is a bijection from R — S,
it is a ring isomorphism.

Note that an isomorphism from R to itself is called an automorphism.

Definition 2.2 (Boucher and Ulmer, 2014). Let R be a finiteringand & : R — R be an automorphism on R.
Amap Ag: R — R iscalled a #-derivative on R if the following conditions are satisfied:

cAg(x +y) = A (x) + A (¥)
* Mg (xy) = B (X)y + B(x)y
forall x,y ER.

Acring that is equipped with an automorphism, such as in Definition 2.1, and a &-derivative such as in Definition
2.2, is called a skew-polynomial ring R[x, 8; Ag].

Definition 2.3 (Boucher and Ulmer, 2014). Let R be a finite ring with an automorphism 6 and a #-derivative
AB. The skew-polynomial ring R[x, 8; A6 ] is the set of all polynomials over R with ordinary addition of
polynomials and multiplication that is defined by xa = 8(a)x + Af (a) forany a € R.
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3. Result

In this section, we will give some results about skew-polynomials rings. We will show the
result in two parts: the first part presents the general result for A8(x) = k(8(x) —x) , wherek € R a unit,
and the second part when we specify

R = Eq + unl‘l"i_ E,{um

1.1 General Formula for Skew Polynomials Ring with Derivative Ag(x) = k(8(x) — x).

The first result is the relation between the derivative A8 and the automorphism, i.e., #. The result is contained in
this following lemma.

Lemma3.1. Let A8 = k (8(x) — x) with k € R isaunit. Then the following statements hold:
e Ag(x) =0 &= 0(x) = x.
e If kisa fived element, i.e 8(k) = k, then Al = k* ¥, ()87 (—1)
o 85 (8() = 0(as ).

Proof: For the first part, it is clear. For the second part using induction, consider for n= 2 and n = 3.
Ag Ag (¥) = 8g(K(8(x) — x))

=k (8(k(6() — )~ KOE) — )

= k(8% (x) — 26(x) + x)
and
Ag Bg Bg (x) = Ag(Ag 89 (X))
=0 (0% (x) — 26(x) + x)
=k (8((82(x)— 26(x)+ x)) — (82(x) — 26(x) + x))
=k3(6° — 20%2(x)+ O(x)— 62(x)+ 20(x) + x)
=k3(83(x) — 362(x) + 36(x) — x).

Assuming the statement is true for r — 1, then the induction hypothesis is

At = gr-iyrd (T : 1) (8" (a)(—1). We will verify the statement is true forn = .
Consider:

85 (@) = 8 (857 (@)

r—1
= A (kr—lz (7" : 1) (6-1"—1—:'('3)(_1):')

i-0

r—1 r—=1
— ke (") e @ED) - (T e @
i—0 i—-0
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Next, we will show that Ag 8 = 84,.

We see that

8y 60x) = k(8(6()) - 6(x))

k(B(B(x) — 1))
= 6(k(8) — X))

= GAg (x).m

In Definition (2.3), we know that xa = &(a)x + Ag(a). Using Definition (2.3) and Lemma (3.1), we get the

description of x™a as follows.

Lemma 3.2. Forany a € R,

x"a = zn: C) At (B"(a))x"
i=0

Proof. Using mathematical induction, we will prove that x"a = ¥7,(")Ag™ (B"(a)) X

F

X

orn = 2,
2a = x(xa)

= x(8(a)x + A8 (a))

= xf(a)x + xAf (a)

= (8(8(@)x + 26(6(a))x + (48 ())x + 46(48 ()

= 6%(a)x2 + A6(6(a))x + (A6 (a))x + AG?(a)
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=zz: (?) AZ(Bi(a))xt

i=0
Assume that the statement is true for n = r — 1, and verify the statement is
true for n = . Consider that:

xTa= x(x""'a)

—x (i ("7 1) 857 (6@ xf)

i=0

- ("7 1) (a5 (64w ) x*)

S5 7)o () ()

ST o))+ ()

1]
[=]

(e g (7o ) o
(" ) (8°(a))+2( . )a“ (6 @) x

= "(a)x" + ri C B :11) 6 (ag—f (6 (a))) X+ A5 ()
=1
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= 0" (a)x" + rz_f C: i) AR (ﬁ'f(a))x"
i=1

r—1

+Z (T: 1) 857 (6°(a) )« + A5 (a)

i=1

~oron =3 (1) (7))o o) o
=1

r

C)a(af(a))xf

=0

1.2 Some Properties of Skew Polynomials Ring with Derivatives for R = Z, + Zyuy + ...+ Z s,
and Ag(x) = k(0(x)—x)

In this section, we show an example that certain conditions in the previous section don't hold. We use

Zyluyg, Ug, e, Uspy]
(ud, =ty . U2 — Uy e, WS — Uy, U U — U
1r =0 My ir s Y2m 2mr ¥ F |

R ZZQ+E4H1+"'+ZQHZm =

Lemma 3.3. Any element a = ay + ayuy + -+ AUz, € R is a unit if and only if ap and ay,+ a; are
unitsin Z,, forall i € {12, ...,2m}.

Proof. = Takeany a = ag+ aju; + -+ @ylUsy, and b = by + byuy + --- 4 by Usy, such that
ab=1

(@5 b 18t bipury + @ bt (Bo-Haly iy, s Habbyitiehd Bolty +as byt + azbytty + -+ + Qg botiny, +
Aymbamllam) =1

agbo +uy(aghy + ayby+ ayby) + -+ ugm (@b + Qamby + Agmbay) = 1.

Consider that

aU bf + aibg + a’fbf =0

aobf + aibg + ﬂ-ibf + aobu =1

(ag+a)(by+b)=1

So ay+ a; and by + b; are both units.

= Observe that, if ag,a,+ a;.ag+ as,....a;+ az, areunitsin Z,, then there exist by, by, ..., sy, € Zy
SUCh that ﬂ.obo == 1, (an + al)bl = 1, - (an + azn!)bzn! =1.

Now  we  will prove that  for a=(ag+ ayuy+--+ ayplis;n JE R there exists
c = (cg+ cquy + -+ Cypllay JE R suchthat ac = 1.
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Choose ¢y = by such that agcy = 1.
We have,

Qg +a;cp+a;c; =10
ApC+a;co+a;c;+ agcp=1
(ag+a)lcg+c) =1=(ag+ay)b;.
And we choose

cg+cy =by
g =by—cp
=b;— by
Similarly c;=b;— by , for all i €{1,2---,2m} . So there exists
= bﬂ + (bl - bﬂ)ul + -+ (bzn! - bu)uzm SUCh that ac = 1.
[ ]

Lemma3.4.Let 8: R — R with
Q(QU + alul + azuz + e + akuk... + ﬂ.zn!uzn!) = ﬂ.n + ak - ( alHl + azuz + e + azn!uzn!). Then 8 iS an
automorphism with order 2, thatis #%(a) = aforall a € R.

Proof:

Takeany a,b € R wherea = ag+ auy+ ayus + -+ apup+ -+ Qo ilyy, and

b =by+ byuy + bauy + -+ bpug + -+ byl .

Consider that

8(a+b) =6(ag+by+ (abuy+ (az+b)uy + -+ (ay + b)uy + -+ (Qym+byp g,

= ag + a;=0odly H @y t,Pk — @y d s ) s D, ey by 4 Byt 4 (Qomt Do ) Uom,
+ meHZm
=f(a) +8(h).

And
Blab) = 8((ag+ a,uy +au; + -+ aguy+ -+ Azplsy, V(g + byuy + byus + -+ buy + -+ by s,
L o758 ety Hoalfind by (Eﬁbﬁ&f%‘ﬁ;ﬁg + banlippd byt i Habi + -

} By lputnatibol % & 0ge +y §. 805, 3 1 d Ban ey o, by, + -

G'Zmb mHZm

_I_
= aobu + ﬂ,ﬂbk + a’k i) + akbk - (aU(blul + bzuz + -+ bkuk + -+ bzmuzn!)
6(a)8(b) = (ao#fﬁb{ﬁﬁiﬁﬂuﬂﬁu@zﬂlz'ﬁ-‘ 'ai}uﬁzﬁluzﬂh)agﬁwn?}(+_filbhﬂl %+ hzurza’ib;‘ﬁlhﬂizm))

+ aZmemuZm

Sothat @(ab) = 8(a)0(b), alsoitis clear that 8%(a) = a.

Lemma 3.5. Let & be the automorphism as in Lemma (3.4) and let Ag: R — R
with Ag (x) = (14 2uy + 2us+...+ 2u,y,, ) (8(x) — x) forall x € R. Then Ay isa & —derivative on R.

Proof. For any X, y € R, we observe that:

1 Ag(x+ )= (1 + 2u)(B(x + )= (x + 1))
= (1 + 2u; + 2up+ ..+ 2u, ) (0(x) + 0(y) — (x + ¥))
= (1 + 2uy + 2us+ ...+ 2u,, ) (B(x) — x)
+ (1 4+ 2uy+ 2u,+...+ 2uy, )O(v) — ¥)
= Af (x) + A8 (y)

2. Mg (xv) = (1 + 2uy+ 2uy+ ...+ 2uy, )(0(xy) — xv)

= (1 + 2uy + 2us+...+ 2y, )(O(x)B(y) — xy)
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= (1 4+ 2uy + 2us+ ...+ 2u;, )(B)8(v) — xv — B0y + 6(x)y)
= (1 + 2uy + 2us+ ...+ 2u,,) ()@ — ¥))

+ (1 4+ 2uy + 2uz+ ...+ 2uy, ) (B(x) — x)y

- Ag (x)y + 8(x)A(¥)

Lemma3.6. Let k = (1 + 2uy + 2u,+...+ 2u,,,), and take & the automorphism
and A, the derivative as in Lemma (3.4) dan Lemma (3.5), respectively, then
the following statements hold:

ﬂ.98+3£\9 =0
ﬂgﬂg =0
Ag(x)=020(x)=x

Forany a = ag+ aquy + -+ a;u; + -+ @z, € R, observe that
Ag (0(a)) =2g((ap + a;) — (ayuy +... +azplizy))
= Ag (ap + a;) + Ag (ayu; + ... +az5Usp)
=0+ k(—a;+ Z(aguy + ... +a3,Us)
= -If(—ﬂ.f + Ztﬂ.lul + ...+(12mu2m).
(8 (@) = 6(k(8(a) — a))
6(k)8(8(a) — a)
= 8(k)(6%*(a) — 6(a))
= B(k)(alul +"'+a2mu2m) - (aﬂ + a:’ - (alul +"'+a2mu2m))
= 8(k)(—a; + 2(aquy + ... +a3Uas).
Note that k = —8(k), sothat Ag 8 + 845 = 0.

Let a =ap+ aquy + -+ a;u; + -+ Az, and k = 1 4 2uy +... 4+ 2uy,
Ag (85 (@) = Ag (K(B(a) — a))
= Ag (kB(a) — ka)
Ag (k8(a)) + Ag (—ka)
k(6(k6(@) — k0(a)) + k(B(—ka) + ka)
= kB(K)8%(a) — k?6(a) — kB(K)B(a) + k’a.

b@kibar (1 + 2wt - + 2ued (1 24— £330t .+ 22332) (L 242001 Fp- 4, 2Uen)(3—  and
(2uy + ...+ 2uy, )= —1

.Sothat Ag (Ag (@) = —1.a—8(a) +8(a) +a=0.

Itiscelarthat 1 and 1 + 2 = 3areunitsin Z,. So k isaunitin R.

Therefore Ag (a) = 0 & B(x) = x.
]

Lemma 3.7. Forevery a € R,ax® = x’a.
Proof. Since xa = #(a)x + Agz(a), then we have
x%a=x(8(a)x + Ag(a))
= x(0(a))x + xAg (a)

= (6%(a)x + Ag(8(a))x + 8(Ag(a))x + A%6 (a)
= 02(@)x? + (8(0()) +6(8g(a)) )x + 476 (a)
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Corollary 3.8. Forevery a € R,n € M, we have

xg = (B(@)x + Ag(a))x"L,if nis odd
ax™ ,if n is even

Proof. We know that,

xla = B(a)x + Ag(a)x®
= G(a)x + Adg(a)
a = ax®.(from Lemma 3.7)
Suppose the above statement holds for all n € B. We will prove for n + 1.
Consider two cases.
1. If n + 1 iseven, then n isodd. So we get

xn+l

a = x(x"a)

x(8(a)x + Ag(a))x™?

x(8(a))x™ + xAg(a)xm?

(8()*x + 85(8(@))x" + (B(8g(a)x + Agtg(a))x"~?

= ax™! + Ag(0(a))x™ + 8(Ag(a))x™ + Ag® (a)x™ !
n+l

= ax
2. If n + 1 isodd, then n iseven and so we have
x"a = x(x"a)
= x(ax™)
= (xa)x™
= (B(a)x + Ag (@)
= B(a)x™ 1+ Ag (a)x™ .

5. Conclusion

In earlier results, we know that the form of the derivative with order one in form Agz= k (8(x)— x) also the
product of skew-cyclic poly%omials_, i.e, xa= 8(a)x + Ag(a). Inthis paper we give the generalization for any
order ie, AF = k" ¥, )6"(~1)and x"a = Fro(7)ag (6 (a)sxh.
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