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Abstract
In this paper we have suggested a class of estimators for population mean using auxiliary information in two-

phase sampling. When the population mean X is not known, a class of estimators for finite population mean

N

Y :_ZYi of the study variable y has been suggested. Expressions of bias and mean squared error are
i=l

obtained upto the first order of approximation. Asymptotically optimum estimators (AOE’s) are also identified

with its mean squared error formula. We found that proposed class of estimator are better than usual ratio and

other estimators.

1.1 Introduction

Whenever there is auxiliary information available, the investigator wants to use it in the method of
estimation which yields larger efficiency. Ratio, regression and product methods of estimation are good
examples in this context. When the population mean X of the auxiliary variable x is known a large number of
estimators for the population mean Y of the study variable y is available in the literature for instance see Singh,
H. P. (1986) and Singh, S. (2003) and the references cited therein. It is observed in the literature that the
efficiency of the ratio and product estimators may be increased to the efficiency of regression estimator by

making use of prior knowledge of k = p (z—y), where p is the correlation coefficient between the study variable
y and auxiliary variable x, ), and Cy are the coefficients of variation of y and x respectively. Sacrificing the
consistency of estimators researchers including Upadhyaya and Singh (1985), Srivastava (1974), Prasad (1989)
and Lui (1990) have found the way by which the efficiency an estimator can be increased beyond the regression
estimator of the mean Y in case of known population mean X.

When the population mean X of the auxiliary variable x is not known, it is often estimated from a
preliminary large sample on which only the auxiliary variable x is observed. The value of the population mean X
of the auxiliary variable x is then replaced by this estimate. This procedure is known as the double sampling or
two-phase sampling. Throughout, samples have been drawn by the method of simple random sampling without
replacement (SRSWOR). The sample survey statisticians have presented several modifications of the classical
two-phase sampling ratio and product estimators and studied their properties. They have shown that the
efficiency of their estimators can be increased maximum upto usual two-phase sampling regression estimator by

using of the well known optimum choice k = p (z—y>, for instance see Srivastava (1970, 81), Gupta (1978) and

Adhvaryu and Gupta (1983).
In this paper we have made an effort to suggest a class of estimators using auxiliary information in two-
phase sampling and studied its properties. When the population mean X is not known, a class of estimators for

— 1 &
finite population mean Y = _ZYi of the study variable y has been suggested. A large number of estimators
i=1
are identified as the member of the proposed class of estimators. Expressions of bias and mean squared error are
obtained upto the first order of approximation. Asymptotically optimum estimators (AOE’s) are also identified
with its mean squared error formula.

1.2 Two-Phase Sampling Procedure

Consider the finite population U = (Uy, U, ..., Uy) of N identifiable units. Let y and x be the variable
under study and the auxiliary variable respectively. Further let y; be the unknown real variable value of y and x;
be the known variable value of x associated with U;, (i = 1,2, ..., N). The problem of estimating the population

— 1 & _ 1 &
mean Y = —Z y, of the study variable y when the population mean X = —ZXi of the auxiliary variable

i=1 i=1
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x is known has been dealt at a grater length. However, in many practical situations when the population mean X
is unknown a prior, the procedure of double sampling is used. Allowing, simple random sampling without
replacement (SRSWOR) design in each phase, the two-phase (or double) sampling scheme will be as follows:

6] The first-phase sample s,(s; © U) of fixed size n, is drawn to observe only x in order to furnish a
good estimate of the population mean X.
(i1) Given sy, the second phase sample s(s € s;) of fixed size n is drawn to observe y only.

= 1 nq __1 n __1 n
Let Xx; = n—lzizlxz, y= ;Zi:l:)/i and X = ;Zi:lxi-

Further we write

7=)?(1+eo)
x=X(1+e)
5 =X(1+ey) 1.2.1
Such that
E(ey)=E(e))=E(e,)=0
and
1 1 1 1 M
E@e)=|———|C?, E(e’ :(———jcz,
(@) (n Nj g @) n N)*
1 1 1 1 1.2.2
E(el)=| ———|C?, E(e,e)=|——— |kC?
@)=\, e[z e L
1 1 2 1 1 2
Ee,e)=|—— |kC:, E(ee,)=|———|C
(0 2) I’Zl N X (1 2) I’Zl N x
J
where

_ S _ S c2__1 N 712
Cy _?:Cx _?x :Sy T w-1 i=1(Yi - Y)

and
5-7? = (Nl;l) §V=1(xi - X)Z
1.3 Proposed Class of Estimators
Motivated by Gangele (1995) and Gupta (1978), we define a class of estimators for population mean ¥
in two-phase sampling as
~ rEN\i6
Vea = X7 (Z) 13.1

X1

where a;s(i = 0,1,2,3) are suitably chosen constants whose sum need not be unity, & is a suitably chosen scalar
takes value +1 for product-type estimator and —1 for ratio-type estimator; X, is a first phase sample mean based
on n, observations and (¥, %) are second phase sample means of (y, x) respectively based on n observations.
Some members of the proposed class of estimators are shown in Table-1.3.1.
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Table-1.3.1
Some members of the class of estimators Y, ;

S. Estimator Choice of constants
No. ay aq a, as 8
1 The mean per unit
— 1
Y =Xy ! 0 0 0 -
2 The classical two-phase sampling
ratio estimator
Vra = 7 (’%) 0 1 0 0 -1
3 The classical two-phase sampling
product estimator
5 o—5(x 0 1 0 0 1
Ypa =Y (21)
4 Srivastava (1970) estimator
_ _(%\% 0 1 0 0 =)
V10 =7 (2)
5 Chakraberty (1968), Vos (1980),
Adhvaryu and Gupta (1983) type-
estimator
_ _ _(x a 1—a 0 0 -1
V2a = aoy + (1 — ap)y (El) 0 ( )
6 Vos (1980), Adhvaryu and Gupta
(1983) type estimator
_ _ (X a 1—a 0 0 1
Vza = aoy + (1 — ap)y (i_) 0 ( )
1

(a, 8) being constants.
1.4 Bias and Mean Squared Error

To obtain the bias and mean squared error of the proposed class of estimators Y, 4, we express it in
terms of e's we have
Yog = Xioa; V(1 +e)(1 + e)(1+ ei)_ia-
or
YVoa = V(1 +ep) Y3 pa; (14 €)1+ e, 1.4.1
We assume that the sample size n and n,(n; > n) are large enough so that
le;] < 1and |e;] < 1.
e |55 < 1and [ < 1.

X x|

and (1 + e;) and (1 + e,) are expandable.
Expanding the right hand side of (1.4.1) we have

=

Vaa = Vo0 (1+ e0) {1 + i6e; + 2 e + -} x

{1 ige, + 2050 oz 1 )

or

i5(6—1 , , :
%ef —ife; —ibege; — i’5%, e,

]

3
= 172 a; [1 + ey + ide; + ifege; +
i=0

i6(i6+1) ., i6(i6—1 .

+ ( )elz + ( 5 )eoel2 —i%28%eye,e; —

i +1) . i%28%@i5+ 1)

P et

Neglecting terms of e’s having power greater than two we have

i28%(i6 — 1) ,
fel el

61612 + bR

= —

Yoa =V 33 0a; [1 + ey +i8(e; —e;) +ib(ege; —eqe;) — i28%e,e; +
1016+12e1' 2.or

i6(i5-1)
DD g2 4

i6(i6-1)

Voa —7) = 17[ 3 o0a; [1 + ey +i5(e; —ey) +iS(eqe; — eger) — i%5%e.e; + el +

010+12e1'2- 1.
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Taking expectation of both sides of (1.4.2) and using the expected values given by (1.2.2) we get the
bias of Y, to the first degree of approximation as

-~ 1 i_l SkCZ 16(16 1)
B(Yad) =YX ' (n n_) zs(ia—xn (l _ ] ]
[ TP P P +"(n m%z 1]
1.C.
B(?"‘d) [23 0 &i [1+(———) 5C2(k+(la 1))]—1] 143

Squaring both sides of (1. 4 2) and neglecting term of e's having power greater than two we have
( 1+2ey+2i8(e; — e1) )
+4l8(6061 - eoel) + €2
+i28%(eq — e'l)z —2i%8%e,e;
+i6(i6 — 1)ed +i8(i6 + 1)e}
1+2eg+ (i+j)8(e; —eq)
+ef +2(i + j)(eges — egey)
+2 Litep=0 @i 4 |~ -8 ere; + L8 +)) - 1e? |
\ +25286 - e )
1+e + id(e; —eq)
—2%3, +i6(e0e1 — egey)

.2 o2 16(16 1) 2 16(16+1) )

( 1+ 33 ,a?

=D

ad _?)2 = Y?

1.4.4

Taking expectation of both sides of (1.4.4) using the result in (1.2.2) we get the MSE of ?ad to the first degree of
approximation as

MSE (Vo) = P21+ Biga? A; + 255 pc0 @ Ay — 285 g ;8] 145
where

A [1+(———)62 (;——)z5(4k+216—1)€2](1—0123)
A=+ G-+ (3-2) L@k + 66+ ) - 1CE|

(i(<j))=0123),
(i6-1)

2| i =
B, = [1 + (——;) 5(k+ )Cx](l =0,1,2,3).
Expression (1.4.5) can be rewritten as
- 1+ adAy + alA, + a2A, + a3 A,
MSE(Yad) = V2 [+2(apa1Aps + AoarAgy + agazAgs + aiayA 1, + aya3Ais + ayaziyg) |,
_2(aoBo + alBl + asz + (X3B3)

1.4.6
where

By =1,

o= 1 (- )fis 2]

B, =[1+(3-2)2a{k + 22} cZ],

By = [1 + (% - ni) 3a {k + (20~ 1)} c,g],

w=i+(-Da

Av=1+(G-3)c2+ (5 -) 8k +26 - 1)CE,

A, = [1 + (% - %) cz+(>- ni) 28(4k + 46 — 1)0,3],

12



Mathematical Theory and Modeling

ISSN 2224-5804 (Paper) ISSN 2225-0522 (Online)

Vol.3, No.9, 2013-Special issue, International Conference on Recent Trends in Applied Sciences with Engineering Applications

Www.iiste.org
JLIETE

ST

Ay =[1+(3=2)c2 + (>3- 2)38(4k + 66 — 1)CE],
Ay =1+ (G-2)ci+(3-2)2 ¢4k + 5 - 1)cZ,
Ap =1+ (3-2) 3 + (3 -2) 84k + 26 — 1)CE],
A =1+ (G-3) 2+ (G- 2) 3 4k +36 - 1)CZ,
Ap=[1+(G-3)c2+(G-2) 3 @k +35 - 1)cZ,
A =[1+(G-3)c2+ (5 - ) 204k + 45 - 1)CE|

and
A =1+ (3-2) 2+ (- 2) 2 (ak + 56 — DCE].

N n
Differentiating the MSE (Yad) given in (1.4.6) with respect to a;s, (i = 0,1,2,3) partially and equating them to
zero we have

Ay Ay Ay Aoz | |20 1
Ay A A A || o _ By 147
Ap A A Ay || B,
Az Az Ay A3 | [ By
Solving (1.4.6) we get the optimum values of constants ;s, (i = 0,1,2,3) as
1.4.8
a, —% a, =%
where
Ay Ay A Ao LAy Ay Ao
A= Ay A A A, Ag = B A4 Ay A
Ap A Ay Ay By A, A Ay
Ay Az Ay 4 By Ay Ay A4
A 1 Ay Ay Ay Ap 1 Ay
A, = Ay B A A A, = Ay A4 B A
dp By A Ay Ap A By Ay
Ay By Ay A A Az By 4
A Ay Ap 1]
Ay = Ay A A By
Ap Ap A B
Ay Az Ay By

Putting the optimum values «; of a; (i = 0,1,2,3) in (1.6) we get the minimum MSE of proposed estimator }%ad
as

MSE(Voy) = 72[1 - a§ — aiB; — @3B, — a3B;]. 1.4.9
or
MSE(¥oq) = 72[1 - Cotlafythely hal)] 1.4.10
Thus we established the following theorem.
Theorem 1.4.1. To the first degree of approximation,

(A0+A131+A232+A3B3)

MSE(Voy) = 72 [1 -

A
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with equality holding if

A A A A
a(*)z—o,a{:—l =2 g =23

A P B
It is to be noted that the biases and mean squared errors of the estimators belonging to the class ?ad can be

obtained easily from (1.4.3) and (1.4.6) respectively just by putting the suitable values of the scalars a;(i =
0,1,2,3) and 6. It is to be noted that any member of the class will not have MSE/minimum MSE smaller than

that of the proposed class of estimators Y, 4.

It is to be noted that some empirical studies need to be conducted in order to find out situations where
some members of the proposed class ¥4 are found to be better than usual unbiased estimator ¥, double sampling
ratio ypq, product yp,, regression estimator (7,4 =y + f (X — %), being the sample estimate of the
population regression coefficient f8), Srivastava (1970) estimator (¥,4) and other existing estimators. Probably a
well designed Monte Carlo study will be quite useful and may throw some light on it.

Remark 1.4.1 In similar fashion the properties of the proposed class of estimator }%ad can be discussed in the
case “when the second phase sample of size n is drawn independently of the first phase sample of size n;”.
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