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Abstract

Our main aim of this paper is introduced some new unique common random fixed point theorems of random
operators in Hilbert Space by considering a sequence of measurable functions satisfying conditions A or B and C.
Our results are motivated from [3, 5, 6, 7, 8].
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1. Introduction and preliminaries:

In recent years, the study of random fixed points has attracted much attention; some of the recent literatures in
random fixed point may be noted in [1, 2, 3]. In this paper we construct a sequence of measurable function and
consider its convergence to the common unique random fixed point of two continuous random operators defined
on a non- empty closed subset of a separable Hilbert space. For the purpose of obtaining the random fixed point
of the two continuous random operators. We have introduced a rational inequality and used the parallelogram
law.

Throughout this paper, (Q, £) denotes a measurable space consisting of a set {1 and sigma algebra Y, of subset of

Q. H stands for a separable Hilbert space and C is nonempty closed subset of H.

1.1 Definition: A function f: Q — C is said to be measurable if f~1(BN C) € X for every Borel subset B of H.
1.2. Definition: A function F: Q X C — C is said to be a random operator if F(., x) : 3 —-— C is measurable for
every x € C.

1.3. Definition: A measurable function g: Q — C is said to be a random fixed point of the random operator
F: QX C - CifF(t(g(t))) = g(t) forall te Q.

1.4. Definition: A random operator F: ) X C — C is said to be continuous if for fixedt€ Q, F(t,.):C - Cis
continuous.

1.5. Theorem: Let C be a non-empty closed subset of a separable Hilbert space H. Let S and T be two
continuous random operators defined on C such that for t € Q, S(t, .), T(t,.): C — C satisfy condition (C). Then S
and T have a common unique random fixed point in C. and satisfy the following condition

2
a”Sx - Ty” ”x - lelz

1+ [x—yl?

For each x, y in C, a, b, being positive real number such that 0< a + b < 1/2.
Proof : We define a sequence of function {g,} as g, : @ = C is arbitrary measurable function for t€ () and n =
0,1,2,3...
Ion+1(H) = St g2n (D) on+2(t) = T(t g2n+1 (D) (1)

IS, =T, ||” < +b[ =Sl + |y =7,]I°1+ clix — 12

If gon(t) =gons+1(t) = Gona2(t) for t € Q, for some n then we see that g,,(t) is a random fixed point of S and T.
therefore we suppose that no two consecutive terms of sequence {g,} are equal. Now consider for t € Q

l92n+1(®) = Gans2(®II* = ”S(t'gzzn(t)) =T g2ne1 (D) ”2
< a”S(t'QZn(t)) - T(t,an+1(t))|| 120 () = St gon (O)II?
B 1+ 1920 (D) = gan+1 OII?

+b[[[g2n () — S(t'QZn(t)Z) 1> + 1g2n+1(®) = T(t gon+1 (D) II7]
+¢[llg2n(®) — g2n+1 (O]
_ allgzn+1()= gan+2(®) 112l g2n(©—g2n+1(®I12

1+|lg2n(O=g2n+1®OII1?

+b[11g2n (D= 92n+1(O) I* + 192041 ()= Gan+2(0) II7]
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+clllg2n = g2n+1 () II7] ,
=@+b) [[(gznr1(0) = Gana2)|” + (b2+ A G2n (D=, gzn+1(®) II?
=[1-(a+ b)]”( 92n+1(t)) = 92n+2(t))” < b+ lGgzn(®—, Ganr1 () II?

+
= [|[(gzn+1(®) = Gznr2O)|| < ﬁ 1920 (O = G2n+1 O)II
= [(92n+1®) = gons2O)| < Kllgon(®= gonsa DI Where k = [z <3
In general
= |9n (0= gns1(O) || < K |gn-1(0)— g2 (©) |l
= [[gn(®O—= gns1O) | < K" |lgo(®D—,g:(D)) || forall t € Q ()

Now, we shall prove that for t € Q , {g,(t)} is a Cauchy sequence. For this for every positive integer p we have,
forte Q

= ”gn(t) - gn+p(t) ” = ”gn(t) - gn+1(t) + gn+1(t) T e + gn+p—1(t) - gn+p(t) ”
< ”gn(t) - gn+1(t) ” + ”gn+1(t)_'gn+2(t)) ” T +||gn+p—1(t) - gn+p(t)”
S [K"+ K™+ o+ K77 ][l go (D)=, 9:()) I by (2)
=K"[1+k+K? ..+ K" llgo(® — g1 () |l

<55 190® = @) Il forall teQ

asn — oo, || In(®) = Gnsp(® || - 0 it follows that for t € Q, {g,(t)} is a Cauchy sequence and hence is
convergent in Hilbert space H.
Fort € Q, let
{gn(D} = g(®) asn - A3)
Since C is closed, g is a function from C to C.
Existence of random fixed point: For t € Q,
llg® — Tt gI* = lg(®) = gans1(O + G2ns1 (V) = v vee s T(t.g(®) |

< 2[Ig(t) = gzn+1OII? + 2/l g2n+1 (®) = T(t.g®)I?
[by parlallelogram law ||x + y||? < 2[|lx]I?> + 2|ly]|?]

= 218(0) = Ganer ONZ2||S(t. g2 (®) = T(t.g®)|”

2a||S(£.92n(®)-T(tg(®)||* ©-5(t.g2n®)|*
< 2l1g(®) = onya (O + 2L 22OV TCION Loon =500 O, 2b [[lg2n(® -

St, g2m2 +gt-Ttgt2 +2c [g2m—gt2]

2 2n+1 —-T ) ’
= 201800 = Gonir O + a”1‘g+ ”git)(t) _(; (gt ng)z)” + 2b[1lg2n(®) = Gons1 OII?

+18® = T(t g©)||'1 + 2¢ [[|gans1 ® = Tt g®)||”
As {gon+1 (D} and {g,n4, (D)} are subsequences of {g,(t)} as n = ©, {g,n41 (D} = g(t) and {gz,4(D} -
g(t)

Therefore,

= llg(® = T(t gD’ ) 2
2 - 1 -
< 2llg® - g2 + 219D 1g+(t|f:(t[) + g”(f>(|t|) g®I1]

+2¢(|lg® - T(t g®)|°]
= [1 - 2b]||g(®) - T(t g(®)||" < 0

+2b[llg(®) — g®II2 + [|lg® — T(t, g(®)||]

= |lg® - T(t g@®)|* = 0 (as2b< 1)
= 1(t.g(1)) = g(® Vie Q @
In an exactly similar way we can prove that for allt € (,

=5(tg®) = g® (5)
Again if A: QXC — is a continuous random operator on a non empty subset C of a separable Hilbert space H,
then for any measurable function f: Q — C, the function h(t) = A(t, f(t)) is also measurable [1]
It follows from the construction of {g,} (by (1)) and the above consideration that{g,} is a sequence of
measurable function. From (3), it follow that g is also a measurable function. This fact along with (4) and (5)
shows that g: QO = C is common random fixed point of S and T.
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Uniqueness:

Let h: Q = C be another random fixed point common to S and T that is fort € Q.
S(t,h(t)) =h(v)
T(t, h(t)) = h(v)

Then for

te O
= llg® - h@®I? = |5t g® — T(t, ()|’

_ alls(t.g®) = (6 k)| le®) - S(t, 5 ®)]
- L+1lg(®) —hOI?
+ [Ih()) = T(t, A@)IT + clllg® — h® 11>

h(t) — h(D)||? -
<O Hgﬁi)”_”iﬁ?)”zg“)” + blllg(®) — gOI + [Ih(® —h®I] + c[llg® — h(OI1?

+b[[lg® - S(t g®)||°

= (1-09llgl®) —r®I*<0
= g(t) = h(t) forallte Q.
This complete proof of theorem.
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