Mathematical Theory and Modeling wWww.iiste.org
ISSN 2224-5804 (Paper) ISSN 2225-0522 (Online) ney
Vol.3,No.11, 2013 "s E

A Class of A-Stable Order Four and Six Linear Multistep
Methods for Stiff Initial Value Problems

Kumleng G.M', Longwap S', Adee S. O*
1. Department of Mathematics University of Jos, P.M.B. 2084, Plateau State, Nigeria
2. Department of Mathematics, Fed. University of Tech. Yola, Nigeria
* E-mail of the corresponding author: kumleng_g@yahoo.com

Abstract

A new three and five step block linear methods based on the Adams family for the direct solution of stiff initial
value problems (IVPs) are proposed. The main methods together with the additional methods which constitute
the block methods are derived via interpolation and collocation procedures. These methods are of uniform order
four and six for the three and five step methods respectively. The stability analysis of the two methods indicates
that the methods are A—stable, consistent and zero stable. Numerical results obtained using the proposed new
block methods show that they are attractive for the solutions of stiff problems and compete favorably with the
well-known Matlab stiff ODE solver ODE23S.
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1. Introduction
In this paper, we shall be concerned with the approximate numerical integration of the stiff initial value problem

y'=f('x5y)5 y(xo)zyo’ XE[a,b], yER (1)

Numerical analysts have focused most of their works on the development of more efficient and accurate methods
for the solution of stiff problems, and as such many methods have been proposed. Notable among these methods
is the Backward Differentiation formulae (BDF), because of its wide region of absolute stability. Several
researchers such as Kim (2010), Chollom et. al. (2012), Kumleng et.al (2011, 2012) have proposed methods for
the numerical solution of (1) which were shown to be very efficient.

In this paper, we describe the construction of a new three and five step methods based on the Adams
methods similar to the generalized Adams methods of Brugnano and Trigiante (1998). These methods are
constructed using the interpolation concept where the continuous interpolants provide the block methods through
evaluation at some grid points. This approach produce two self- starting new A — stable block methods which
provide the solutions of stiff initial value problems on non-overlapping intervals.

2. The New Method
In this section, the new A — stable block methods shall be constructed based on the continuous finite difference
approximation approach using the interpolation and collocation criteria described by Lie and Norsett (1981)
called multistep collocation (MC) and block multistep methods by Onumanyi et al. (1994).

We define based on the interpolation and collocation methods the continuous form of the k- step new
method as

yn+v - av—l (x)yn+v—l = hz ﬁ] (x).f;H-j
j=0

where a,, and 'Bj (%)

2

are the continuous coefficients of the method, m is the number of distinct collocation

v=tl k=3,57.

points, h is the step size and

-1
From Onumanyi et. al (1994), we obtain our matrices D and C=D" 4

_ R o
xn+v—l n+v—1 T xn+v—l
m—1
0 1 2x, -0 mx,
D=0 1 2%, o omx"
0 1 2x e omx™!
L m—1 m—1 _| (3)
and
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a0 hﬂo,l o hﬂm—l,l
C= A, n hﬂo,z o hﬂm—l,Z
Oy i hﬂO,mH o hlgm—l,mﬂ (4)
respectively.

2.1 Derivation of the Three Step New Block Method
In this case, k =3, v=1,t=1 and m = 4 and its continuous form expressed in the form of (2) is;

y(x)=a(x)y, + h(ﬂo () S, + B(X) fr+ B (X) o + B (x)fn+3)

®)
The matrix D, in (3) becomes
1 x, x X x)
0 1 2x, 3x 4x
— 2 3
D - 0 1 2xn+1 3xn+1 4.xn+l
2 3
0 1 2xn+2 3xn+2 4xn+2
2 3
0 l 2xn+3 3xn+3 4xn+3 (6)

Using the Maple software, the inverse of the matrix in (6) is obtained and this yields the elements of the matrix C.
The elements of the matrix C substituted into (5) yields the continuous formulation of the method as:

_ a2 24 322 545 L At
y(xn+/1)—yn+(—i—m+§—m)ﬁ+(ﬁ—m+y)ﬂm

_3a% 22 At AL A 2t
+( 4h + 3nE 8K f;1+2 + 6h  6p? + 2413 .f;1+3

(7

Evaluating (7) at the following points A=h, A=2h, A =3h
constitute the new three step block method.

Vo1 =Vn :%(9f;1 +19ﬁ1+1 _5ﬁ+2 +f;’l+3)
yn+2_yn :%(f; +4f;1+l +f;’l+2)
Ynez = Vn :%(3ﬁ1 +9f;z+1 +9f;1+2 +3J[n+3)

The main new discrete scheme for the three step method is
yn+1_yn :%(9f;1+19f;1+1_5f;1+2+ n+3) (9)

This new method is consistent since its order is 4, it is also zero-stable, above all, it is A — stable as can be seen
in figure 1. The new three step discrete methods that constitute the block method (8) have the following orders
and error constants as can be seen in Table 1.

2.2 Derivation of the Five —Step New Block Method

In this case, k = 5, V=2, t = 1 and m = 6 and its continuous form expressed in the form of (2) is;
y(x) = (x)y,, +h (:Bo () f, + B (X) fr + By (X) fria + By (X) fris + By(0) f s + B (x)fn+5)

Similarly, we generate the continuous formulation of the new five step method as;

yields the following discrete methods which

®)

(10)
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_ _ 95 _ 13722 4 528t A A
y(xn + ﬂ’) - yn+1 +( 288 h + j’ 120A + 852 961> + 4044 72043 )ﬁz

1427 522 772% | 1At ax 28
+(——h+———+—— +
1440 2h 36n* T 96K 60K 144K° fn+1

133 522 1 1072°  592% | 1340 28
+(—h——+———+—+
240 2h 36K 48K 60K 144K f"+2

_241p 5132 4ot A4S
+( 720h+ 3h 6h* + a8 sht + 7201 f"+3

2 3 4 5 6
+( 13 py 52 4 612 4t 1142 )
1440 8h " 96K’ 1206 144K° fn+4

_3 pa A sA L aat A A
+( 160 h+ 10h 3642 + 90K  60h* + 7204° f"+5

(11

Evaluating (11) at the following points A=0,A=2h, A=3h,A=4h, A =5h
discrete methods which constitute the new five step block method.

s -3y =i 415, VT, - RS, + 48D, AT, L+ 20,

Sovn = Su = 21+ @1, PO, DY, 4TI 11 )

Fovs T (ot 34 U1 434, )

ove o =il Yy 6O, HIAL L+ A, -3,

Fovs = Yia =14 OV, 024, 64, 414 ) W)

The main new discrete scheme for the five step method is

yields the following

Yus2 _yn+1:ﬁ(_27f‘n+ 637f;1+1+1022f;1+2 _258f;1+3+77f;1+4 _llf;z+5) (13)

This new method is consistent since its order is 6, its also zero-stable, above all, it is A — stable as can be seen in
figure 1.
The new five step discrete methods (12) have the following orders and error constants as shown in Table 1.

3. Analysis of the New Methods

In this section, we consider the analysis of the newly constructed methods. Their convergence is determined and
their regions of absolute stability are plotted.

3.1 Convergence

The convergence of the new block methods is determined using the approach by Fatunla (1991) and Chollom et.
al (2007) for linear multistep methods, where the block methods are represented in a single block, r point
multistep method of the form

k k
A(O)ym+1 = ZA(l)ymH + th(l)fm—l
| i=0 (14)

Ai,Bi,i: 0,1,2,...k are rXr

where h is a fixed mesh size within a block, identity matrix while

and . .
Yims Vi Vit are vectors of numerical estimates.
R.=12 .k

Definition 1: A block method is zero stable provided the roots ~ 7 " of the first characteristic

polynomial p(R) specified as

p(R) = de{i A(i)Rki} =0
i=0 (15)
R |<1

satisfies , the multiplicity must not exceed two. Fatunla (1994)
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The block method (8) expressed in the form of (14) gives

1 0 0y, 0 0 1)y, % ;_Z i S 00 2_94 Jua
0 1 0y (=10 0 Ty, [+h|5 § 0| fin|+]0 0 5|/,
0 0 1){y,.; 0 0 1) y, 7 7 )N\ 00 )L/ (16)
where
1 00 00 1 o= L 00 2
A”=10 1 0, 4%=|0 0 1|,B9=|4 L 0[,B"=|0 0 !
00 1 00 1 s 2 3 00 2

Substituting AY and A into (15) gives the characteristic polynomial of the block method (8) as
p(2) = det(24” — 4")

0 0 0 01
=det|{ 4|0 1 0[—|0 O 1
0 0 1 0 01

A 0 -1

=det|]0 A -1

0 0 A-1
=22 (A-1)=0
Therefore, /1‘ =1, /12 - /13 =0 . The block method (8) by definitionl is zero stable and by Henrici (1962), the

block method is convergent since it is also consistent.
Similarly, the block method (12) expressed in the form of (14) gives

1 00 0 0\, 0000 1)y,

-1 1.0 0 0y, 0000 0y,

-1 010 0{y.,[=[0000 O0|y,|+

-1 0 0 1 0} y,., 0000 0y,

-1 0 0 0 1)\y,.s 000 0 0y,

a0 Ta0 a0 0 1w |(Sea ) (00 00 (i
Al S % % w0 fus|H0 000 5|/

% & £ €& #)U/s) 0000 0) 7

(17)

where
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1 00 00 000 0 1
-1 1000 00000
A%=-1 01 0 0], 4%={0 0 0 0 O
-1 0010 00000
-1 0 0 01 00000
BV=1 % W& % 5 0[,BY={000 0 3
4ooa a4 i 0000 O

Substituting AV and AY into (15) gives the characteristic polynomial of the block method (12) as
p(A) =det(14” —A4")

1 00 0O0)(0O0O0TO0°1
-1'10 0 000 O0O0 O
=det|{A|-1 0 1 0 0|—-/0 0 0 0 O
-1 0 01 0/[0O0O0O0O
(-1 o000 1)l0000 0)]
42 0 0 0 -1
-2 A 0 0 0
=det|-4 0 4 0 0
-2 0 0 A 0
-2 0 0 0 4|
=1 -2'=0

Therefore, h=LA4,=hk=24=24=0 . The block method (12) by definitionl is zero stable and by Henrici
(1962), it is convergent since it is also consistent.

3.2 Regions of Absolute Stability of the Methods

The absolute stability regions of the newly constructed block methods (8) and (12) are plotted using Chollom
(2005) by reformulating the methods as general linear methods. The regions of absolute stability of the methods
of the main discrete schemes and the new block methods are as shown in the figures 1 and 2 below. These
absolute stability regions are all A —stable since they consist of the set of points in the complex plane outside the
enclosed figures.

4 Numerical Examples

We report here a few numerical examples on some stiff problems taken from the literature. For comparisons, we
also report the performance of the new block methods and the well-known Matlab stiff ODE solver ODE23S on
the same problems.
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Problem 1: We consider the Robertson’s problem

', =-0.04y, +10000y, y, »0)=1
y', =0.04y, —10000y, y, —30000000 y> $,(0)=0
y', =30000000y ¥,(0)=0

0<x<70, h=0.1
Problem 2: We consider the Van der Pol’s equation

Yi=n »0)=2

vy =y +uy,(1-), ¥,(0)=0
0<x<70, h=0.01, z=10,

5. Conclusion

The new block methods were applied to two well-known stiff problems from the literature, the numerical results
suggest that the proposed new block methods (8) and (12) are suitable for solving stiff problems and perform
competitively with the well-known ODE23s. This success is achieved because of the good stability properties of
the proposed new block methods.
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Figure2. Absolute Stability Regions of the new Three and Five step discrete methods

251

Im(z)

25 \ \ \ \ \ |
0.5 0 0.5 1 15 2 25

Re(z)
Figurel. Absolute Stability Regions of the Three and Five step New block methods

The absolute stability regions consists of the set of points in the complex plane outside the enclosed figures.
Therefore, both the discrete and block methods are all A - stable since the left —half complex plane is contained

S={zeC:R(z)<1}

in S., where
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Figure 4. Solution to Problem 2 using the Five Step Block Method and ODE23S

Table 1: Order and Error Constants of the new three step method

Method Order Error constant
4 _ 19

Vst 720
4 1

y n+2 90
4 3

y n+3 80

Table 2: Order and Error Constant of the new five step method

Method Order Error constant
6 83
Yonst 60480
271
YVoio 6 60480
_1
Yne3 6 756
13
Ynia 6 2240
__8
Yoss 6 945
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