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Abstract

In the Bayesian approach to inference, all unknown quantities contained in a probability model for the
observed data are treated as random variables. Specifically, the fixed but unknown parameters are viewed
as random variables under the Bayesian approach. In this paper, Bayesian approach is employed to
making inferences on the semiparametric regression model as mixed model , and we prove some theorems
about posterior.
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1. Introduction

Consider the model:

y; = Z?zo Bixji + m(xpi1:) + € i=1.2,..,n (1)

Where y, , ..., v, response variables and the unobserved errors are €, , ..., €, are known to be i.i.d. normal
with mean 0 and covariance o2I with g2 unknown.

The mean function of the regression model in (1) has two parts. The parametric ( first part ) is assumed to
be linear function of p-dimensional covariates x;; and nonparametric (second part) m(x,.4,) is function
defined on some index set T  R!. Inferences a bout model (1) such as its estimation as well as model
checking are of interest.

A Bayesian approach to (fully) semiparametric regression problems typically requires specifying prior
distributions on function spaces which is rather difficult to handle. The extent of the complexity of this
approach can be gauged from sources such as Angers and Delampady [1], and Lenk [7], and so on.

In this paper, a simple Bayesian approach to semiparametric regression. By using penalized spline for the
nonparametric function ( second part ) of the model (1) we can representation semiparametric regression
model (1) as mixed model and Bayesian approach is employed to making inferences on the resulting
mixed model coefficients, and we prove some theorems about posterior.

2. Mixed Models

The general form of a linear mixed model for the ith subject (i = 1,..., n) is given as follows
[91.[12],[13],

Yi= Xif + Xic1Zijuj + € uij~N(0, Gj), €;~N(0,R)), )
where the vector Y; has length m;, X; and Z;; are, respectively, a m; X p design matrix and a m; X gq;
design matrix of fixed and random effects. B is a p-vector of fixed effects and uy; are the qg;-vectors of
random effects. The variance matrix G; is a q; X q; matrix and R; is a m; X m; matrix.

We assume that the random effects {w;;; i = 1,..,n;j = 1,..,7} and the set of error terms
{€1, ..., €,} are independent. In matrix notation,

Y=XF+Zu+e€. (3)
Here Y = (Y,...,Y,)T haslength N =Y"~ m;, X = (X7,..,XI)Tis a N X p design matrix of fixed
effects, Z is a N x q block diagonal design matrix of random effects, ¢ = X_, q; , u = (uf,...,u;)" isa
g-vector of random effects, R = diag(R4,...,R,) iSa N X N matrix and ¢ = diag(G,,...,G,) is a
q X q block diagonal matrix.
3. Spline Semiparametric regression and Prior

The model (1) can be expressed as a smooth penalized spline with g degree, then it's become as (see
[12]): .
Vi = Z?zo Bjxji + Z?:l ﬂp+jx;};+1,i + legzl{uk(xp+1,i - kk)z— +€;, (4)
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where k4, ..., kg areinnerknotsa < k; <,,,< kg < b.
By using a convenient connection between penalized splines and mixed models. Model (4) is rewritten as
follows (see [9,12,13])

Y=XB+Zu+e (5)
where
[ Bo T
V1 [; Uy (pr11 — kl)?r (Xpt11 — kK)q+
. p . . .
Y = H s ﬁ = ﬂ L , u= H ,Z = : :
+
Yn ps Ug (xp+1,n - kl)z— (xp+1,n - kK)?—
ﬁp+q-
[1 X11 xpl xp+1'1 x;+1,1‘|
X = *12 Xp2  Xpi1p x;+1,2
(1 Xin o Xpn Xpiin - xg+1,n
We assume that the function g is:
g= XB+Zu (6)
And its prior guess g° can be written as:
g’ =XB ()

Further, some of the a priori information penalized spline coefficients can be translated into:

E(e) =0; var(e) = o2l
E(B) =0; var(B) = ofl (8)
E() =0; var(uw) = o2l

The term XB in (5) is the pure polynomial component of the spline, and Zu is the component with spline
truncated functions with covariance 2 Q, where Q = ZZT. Letting (5, u, 02, 62) be the parameter vector,
the mixed model specifies a N(0, 1) prior on u as well as the likelihood, f(Y|8,u, 02, 02). To specify a
complete Bayesian model, we also need a prior distribution on (8, 62, 62). Assuming that little is known
about g, it makes sense to put an improper uniform prior on S. Or, if a proper prior is desired, one could
use a N (O, agl) prior with 0[? so large that, for all intents and purposes, the normal distribution is uniform
on the range of B. Therefore, we will use m,(8) = 1. We will assume that the prior on o2 is inverse
gamma with parameters A, and B, — denoted IG (4, B,) — so that its density is

Ae
mo(02) = pe (02 )t exp (- %) ©
Also, we assume that:
02~ 1G(Ay B,

Here A, B.,Ayand B,, are “hyperparameters” that determine the priors and must be chosen by the
statistician. These hyperparameters must be strictly positive in order for the priors to be proper. If A, and

B, were zero, then m,(s2) would be proportional to the improper prior ﬁ , Which is equivalent to log(c,)

having an improper uniform prior. Therefore, choosing A, and B, both close to zero (say, both equal to
0.1) gives an essentially noninformative, but proper, prior. The same reasoning applies to 4,, and B,,. The
model we have constructed is a hierarchical Bayes model, where the random variables are arranged in a
hierarchy such that distributions at each level are determined by the random variables in the previous
levels. At the bottom of the hierarchy are the known hyperparameters. At the next level are the fixed
effects parameters and variance components whose distributions are determined by the hyperparameters.
At the level above this are the random effects, u and €, whose distributions are determined by the variance
components. The top level contains the data, y. (see [13])

4. Posterior calculations

We have the model
Y|F,02,0% ~ N(CF,o?2l, + 02Q). (10)
where C = [X Z].
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Unless F has a normal prior distribution or a hierarchical prior with a conditionally normal prior
distribution, analytical simplifications in the computation of posterior quantities are not expected. For
such cases, we have the joint posterior density of the penalized spline coefficients F and the error
variances ¢2 and a2 given by the expression.

n(F,0f,02|Y) « f(Y|F,0f,02) mo(F,04,08)
Where f is the likelihood. From (10), f can be expressed as
fUIF,08,02) & | 02l + 0ZQ1 ™ 2exp{ S (¥ = CF)T (021, + 02Q)7'(Y = CF)}
Proceeding further, suppose m, of the form
ny(F,0},0¢) = m,(0},02) (11)
which is constant in F, is chosen.

Markov Chain Monte Carlo (MCMC) based approaches to posterior computations are now readily
available. For example, Gibbs sampling is straightforward (see [ 1,13]).

Note that Q = CDCT = ZZT

where D = Op+asy 0 ]
0 In—(p+q+1)
and 62D = [0p+q+1 i 0 ]
0 Uu[n—(p+q+1)
we see

Y|F,02,6% ~N(CF,02l, + c2Q) (12)
However, the prior of F given o specified that F|o? ~ N(0,02D)
Therefore, it follows that

Y|o2,6% ~ N(0,02I, + Ca2DCT) (13)
where 62Q = Co2DCT
F|Y, 02,02 ~ N(A,Y,4,) (14)
where
Ay = 02D CT (62l + CaZDCT)! (15)
A, = 2D — oD CT (62I, + Ca2DCT)™1CD (16)

We can rewrite covariance of Y given F, o2 and 62 as

¢

-, a2
02, + 62Q = 62, + Ca2DCT = Co? <C‘1 LCT ' +2D ) cT
2 -1
=Co? (C"C+%D) C",where D™ = D.
oy
2 -1 2 -1
Result 1: F|V, 02, 6% ~ N{(CTC +%Dp) cTv,02 (cTc+%D) } (17)
Proof:
Since E(F|Y) = AY
= 02D C" (6?l, + CaZDCT) Y
— -1
= 2D CT (Caz (CTC + “—sz) ' CT) Y
u € 2
oy
) T(r T 1( T aé ct
= 62D C (C (C C+G&D) gg)y
2 _ _ 2 -
= %p (cTcTTICTecT + CTCTT EDC ) ¢TI CTY
2 _ 2 — —
= %p (cT¢" + ZpcieT ) ey
2 2 —
= %p (I +%DCTCT Yty

_ 9 (A -1,7°1 T
—GEZD(UI%DC C" 41, )CTY

(e +%p )ty

(cre+ Z—én )_1 cTY
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2 -1
By same way we can prove the covariance is o2 (CTC + ”—GD )

Now proceeding as in [3], we employ spectral decomposmon to obtain CDCT = BHBT , where H =
diag(hy,..., hy,) is the matrix of eigenvalues and B is the orthogonal matrix of eigenvectors. Thus,

O_2
02l, + [Co2DC"] = 0?1, + Bo2HBT = Bo?1,B" + BoZHB" = Bo? <1n + %H) BT

€
= o2B(l, + 6H)BT

where § = g2 /a?2. Then, the first stage (conditional) marginal density of Y given 62 and & can be written
as

m(Y|aZ2, 5)— L

1
T Gt exp{—— YTB(I, + 6H)BTY

1 1
- (27m )"/2 [, [1+68R111/2 exp{ — 202 (Zl 1 1+5h )} (18)

where s = (sy,...,5,)T = BTY. We choose the prior on 62, § = 62/0Z2, qualitatively similar to the used
in [1]. Specifically, we take m,(c2,8) to be proportional to the product of an inverse gamma density
(B /T (A.)} exp(—B./c?)(c2)~“e™D for g2 and the density of a F(b,a) distribution for & (for
suitable choice of B,, A., b and a ). Conditions apply on a and b such that (see [1]):

2 - - - - -
1- The prior covariance of &(= %) is infinite.
2
2-  The fisher information number = (= (042)(b+6) ) is minimum.

2(a—4)(a+b+2)

3- The prior mode = ( ) is greater than 0.

(b 2)
This can be done by choosing 2 < b < 4anda = 8(b + 2)/(b — 2)
Once m; (62, 8) is chosen as above, we obtain the posterior density of & given Y, the posterior mean and
covariance matrix of F as in the following theorems.
Theorem1: the posterior density of § given Y is:

sb/2)- Sz —(n+2Ac+2)/2
@vsy@mrz (L= (1 +6h))” e (ZB +20 ) (19)

=1146n;

52 (6]Y)

Proof:
Ty (8|Y) = fm(YIUZ.S) f(8,b,a) f(02,Ac, B)da?

_ 1/2 bb/Zaa/Z 5(b/2)_1 {_L( n siz )}
f "/2 (M52 (1 + 8h))” Bba) (a+bd)-@rb/z FP1T 552 \&i=1 4y,
BA

€
Be 12— (Act+1) _ Be 2
rag (e )7 eXp( cé) doe

n
_ (2n)"2 pb/2ga/2 sb/2)-1 n 1/2 2
T Tao B(ba) (a+bs)-(atb)/z JATE=a (1 + 6R)) T2 exp {__(ZB + 2 1+5n )}

(0‘2 )—(n+2A€+2)/2d0.€2

s?
<2BE+21 11+5h >

2
20¢

(Z,T)—n/z pb/2ga/2 5b/2)-1 )
T T(A9 B(ba) (a+bs)~ (a+b)/2( )

(n+2A¢+2)/2 I(H 1(1 + Sh: )) 1/2 exp{—

2 (n+2A¢+2)/2

23#2};% 52 —(n+2A¢+2)/2
L 2
202 (ZB + 2 1+hd; ) doe
sb/2)-1 1/2 2
X arooyanzz | QL= (L + 6h)) ™% exp {_ _(2B + X oo )}
5-2 [(n+2Ac+4)/2]-1 X y
2Bty 11+5 2\ n+2A¢+2)/2 ,
202 (ZB + X 1+8h; ) doe
sb/2)-1 z —(n+2A¢+2)/2 2
« (a+b6)‘(a+b)/2 F((n + ZA + 4)/2) (ZB + ZL 1 1+6h (H 1(1 + 6hy ))
sb/2)-1 sz —(n+2Ac+2)/2
% gy (Tt +8h) /2 (2B + S, 175-)

4
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Theorem?2: The posterior mean and covariance matrix of F are:
E(F|Y) = DCTBE{(I,+6H) ' |Y}s (20)
And
— 1 s 1 T s

var (F|Y) = n4+24¢+2 E [(236 + ( i=1 1+5hi>> |Y] . n+24¢+2 HCBE [(ZBE + ( i=1 1+6hi)) [ +

6H]‘1|Y] BTCD + E[R(5)R(8)T|Y], (21)
where R(8) = DCTB(I,, + §H) s
Proof:
From (14):
E(F|Y) = A,Y

= ¢2D CT (621l, + Co2DCT)"1Y

= 62DCT {62B(I, + 6H)BT}tY
2 —

= Z—:;DCTBT Y1, + 8H) "1 By

Since B is the orthogonal matrix of eigenvectors, then B~* = BTand BT = B.
Therefore
E(F|Y) = DC"B & (I, + SH)"'BTY
= DCTBE((I, + 6H) Y V)s,
where the expectation E(( L, + §H )~1|Y) is taken with respect to m,,(8]Y) ( see theorem 1 above ). And
by the same way we can prove the variance of F givenY.
5. Model checking and Bayes factors
An important and useful model checking problem in the present setup is checking the two models
H,: g =XB=gversusH, : g=Xf+Zu+ g°.

Under Hy, (g = g(F),a2,02) is given the prior y(F, o2,02)I(g #+ g°), whereas under H,, 7, (o2
induced by m,(F, 62, 52) is the only part needed. In order to conduct the model checking, we compute the
Bayes factor, By, of H, relative to H,:

m(Y|Ho)

By (Y) = m(Y|Hy)
1
where m(Y|H;) is the predictive (marginal) density of Y under model H;,i = 0, 1. We have
m(Y|H,) = [ f(Y|g® 08)my(ad) do?

(22)

and
m(YlHl) = ff(YlF' 0-13)0-62)”0([:) 0'1%,0'62) dFdO'&dO'EZ

As in the previous section m,(c2,02) will be constant in F, while o2 is inverse gamma and is

independent of v, = g2/ which is given the F,, prior distribution. (Equivalently, § = a2 /0? is given
Ae

the F,, , Specifically, m,(c2) = % o2 ) At exp (— %) , Where A, and B, (small) are suitably
€. €

chosen. Therefore,

m(¥|H,) = f F(YIg°,02) mo(a?) do?

Ae o 2
= -n/2 Be” 2y-n/2 _ Be 2 \—(Ae+1) _ (r=g°(x) 2
@m™* 55 100 ex ( gg) (02)™ " exp(= = 5)doe
Ae Bt i(vi—gO(x:))?
= (2m)? Be f(o-€2)—(n/2+A€+1)exp(_ et3 (i zg (x)) Yda?
r(40) B E—
I g -(3+a 1 LYY 1 —(%ea,
= (2m) Zr(ze) [(c?) (3+Ac+1) (Be+;()’i —g°(x))?)z" €+1(Be+5(yi —g°(x)?) (F+Ac+1)

1
Bet+>(vi—g° (x1))?
exp (— — z(ylazg Sl ) do?

€

n
(Bet2yi-g° (r)?)z et <_ Bety(vi=g° (xi))z)

2
O¢

(2my /B n
T'(Ao) (062)(7+A€+1)

1 e
(Be+3 0t = g° ())& do?
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G+Ac+2)-1 .
B2 Bet;(i—8°(x))? | 2 Bet3(i—8°(x)? 1
= (2m)™/? A f< oz ) eXp(—ZT) (Be +5 i —
8°(x ))2)*‘*‘*6“) do?
B —*
= QOIS TG+ A+ DB+ 01— g () G do? (23)
Further, using (11) it follows that:
_n 1 2
m(Y|H,,02,6) = (2m02) "2 ([T, (1 + 8h)) "2 exp e (Crin)) (24)

Therefore,
m(Y|Hy) = [ m(Y|M,,02,8) my(02,68) do? db

Ac -1/2

= [y oty enp (~ ) emazy (ﬁ(l + w)

i=1
exp {_ é( i=1 Teha; )} my(8) do¢ ds

[ (T (4 8h)) 2 mo(8) ([ exp (- 2 (B + 251 11+;h)}d05}

—-(n/2+c-1)

2(n/2+A) [ (T +8h)) ™2 (B +2xm, =)

1"(A ) 1+68h;
,(8) dé (25)
6- Simulation results

In this section, we illustrate the effectiveness of the our methodology. We generated observations from
the model (1) with the following regression functions which represent a variety of shapes:

(I) = 1-— 3x1 + ecos(nx2+2x2)' (26)
(i) vy, = 2x; —sin(2mx,) + 0.3(x, — 0.75)? — %x23 27)

The settings for the simulation study are as follows. The observations for the design variable are
generated from uniform distribution on the interval [-1,1], for various sample sizes. These values are kept
fixed for all settings to reduce simulation variability. The sample size taken is n=150.

For the error distribution we used normal distribution N(0,c2), where o = 0.125, 0.25 and 0.5. We
have tried with different choices of K as well. The penalty parameter A is chosen by minimizing the
generalized cross validation (GCV) criterion.

To give an impression on the variability of the obtained estimators, we plot in figure (1) a scatter plot of
the randomly generated data sets together with the fitted values from the penalized LS. regression spline
estimation method. Table (1) presents summary values of the (AMSE) and (AMAE) for the estimation
method. From this table we can see that the values of (AMSE) and (AMAE) when (o = 0.5) are smaller
than that (o = 0.125 and 0.25 ), which were (0.01656268) and (0.008447995) respectively. While the
values of (AMSE) and (AMAE) are smaller when (o = 0.125) and (o = 0.5) respectively for second test
function were (0.009150507) and (0.004085605) respectively.

Table (1) result of the AMSE and AMAE for Bayesian semiparametric regression

Test function o AMSE AMAE
0.125 | 0.04299587 0.01400477
Vi 0.25 0.03975184 0.01345516

0.5 0.01656268 | 0.008447995
0.125 | 0.009150507 | 0.00641508
Vo 0.25 | 0.009218403 | 0.006443437
0.5 | 0.009684469 | 0.004085605
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Figure (1) fitted curves from penalized regression spline estimation of first ( right side ) and second test

function ( left side ) with design variable X distributed uniform distribution [-1,1] with the error distributed

normal distribution (0,0?), 6 = 0.125,0.25 and 0.5, and sample size n=150
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Figure (2) shows the posterior of B and u given Y ( equation (14)) for above test functions((22) and
(23)), where red curve represents the posterior of the first test function (22) while blue curve represents
the posterior of the second test function (23).

0.6 0.8 1.0 1.2 1.4
| |

posterior beta and u given 'y

0.2
|

0.0
|

0.0 02 0.4 0.6 0.8 1.0

Figure (2) posterior of beta () and u givenY
Figure (3) below shows the number for iterations of the Gibbs sampler which used in this study. Which
was 600 iterations for this data. While Figure (4) shows density estimates based on 600 iterations of 2

and o, Trace of (Intercept)
< o
o -
z °7 i}
2
T N 9'. a
© T T T T T T
— 100 200 300 400 500 600
o - lterations
[ I I I I
0.0 02 04 06 0.8
To)
, Trace of x
< sigma of u
o - S
O -
N -
o
- T
J | | | | | |
o — 100 200 300 400 500 600
[ I I I I I I
N " A A B - ~ terations
Figure (3) shows density estimates based on 600 iterations of Figure (4) shows 600 iterations of the Gibbs sampler for
o? and o2 the this data

7-_Conclusions
1-  The posterior density of § given Y in Bayesian semiparametric regression is:

8
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sb/2)-1 n B " lz —(n+2Ac+2)/2
22 (61Y) < @ ([T, (1 + 8d,))~1/? (ZBE + 2 155‘11,)

2- The posterior mean of F in Bayesian semiparametric regression is:

E(F|Y) = I'C"BE{(L, +6D)™'|Y}s
3- The posterior covariance matrix of F in Bayesian semiparametric regression is:

var(F|Y) = —— E || 2B +( n s ) lY|r ——2—rc™BE|( 2B +( n sz) [, +
N+2A¢+2 € =1146d; N+24¢+2 € 1=11464; n

6D]‘1|Y] BTCT + E[R(8)R(8)T|Y]

4- The Bayes factor in Bayesian semiparametric regression for testing the two models H, : g =
XB =glversusH, : g=XB +Zu+ g°is:
m(Y|H,)

Bp1(Y) = (Y |Hy)
where m(Y|H;) is the predictive (marginal) density of Y under model H;,i = 0,1. We have
m(Y|H,) = [ f(Y|g® 02)mo(0?) do?
and
m(Y|Hy) = [ f(Y|F,0f,08)m,(F, 07, 0) dFdaidoi.
5-  Inasimulation study of Bayesian semiparametric regression we observe that :
(i) The values of (AMSE) and (AMAE) when (o = 0.5) are smaller than that (¢ = 0.125 and
0.25), which were (0.01656268) and (0.008447995) respectively.
(if) The values of (AMSE) and (AMAE) are smaller when (¢ = 0.125) and (¢ = 0.5) respectively
for second test function which were (0.009150507) and (0.004085605) respectively.
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