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Abstract
In this paper, the Seifert — Van Kampen Theorem deals with the situation where a path-connected space may be
written as the union of two open path-connected intersection. The fundamental group of the space is isomorphic
to the co-limit of the diagram of the fundamental groups of the three subspaces.
We also considered the fact that the fundamental groups are all injective, the fundamental group of the space is a
classical free product with amalgamation and also a free product with the amalgamation in the category of rings.
Keywords: Fundamental groups, Homotopy, Homomorphism, Seifert-Van Kampen, Simply Connected, Knot
Theory.

1. Introduction

We have actually determined the structure of the fundamental group of only a very few spaces (e.g., contractible
space, the circle). To be able to apply the fundamental group to a wider variety of problems, we must learn
methods for determining its structure for more spaces.

The Van Kampen theorem gives a method for computiong the fundamental groups of spaces that can be
decomposed into simpler spaces whose fundamental groups are already known.

Schwanzl et al(2002) assume that to determined the fundamental group of an arcwise-connected space X, which
is the union of two subspaces U and V, each of which is arcwise connected, and whose fundamental group is
known, we choose a point x, e UV, the Van Kampen theorem asserts that, if U andn V are both open sets, and it
is assumed that their intersection UnV is arcwise connected, then m(X,Xo) is completely determined by the
following diagram of groups and homomorphism

/R(U)

(U NV)

2!
(V)

Figure 1

Here ¢, and ¢, are induced by inclusion maps. The way in which #(X,xo) is determined by this diagram can be
roughly described as follows. The above diagram can be completed by forming the following commutative
diagram.

P

(U Figure 2 > 7(X)

MARM o

Figure 2

Here all arrows denote homomorphisms induced by inclusion maps, and the base point X, is systematically
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omitted. The Van Kampen theorem asserts that m(X) freest possible group we can use to complete diagram
(Figure 1) to a commutative diagram like Figure 2.

We shall state and prove a more general version of the therem, in that we allow X to be the union of any number
of arcwise connected open subsets rather that just two.

The statement of the Van Kampen theorem will be in terms of free products of groups, so before starting the
theorem we shall make an algebraic digression to describe the construction of free products in some details.

2. Free Products of Groups

The free product of a collection of groups is the exact analog for arbitrary groups of the weak product for
Abelian groups.

Definition 2.1

Let {Gy:i 1} be a collection of groups wan assume that there is given for each index i a homomorphism ¢,
of G, into a fixed group G. We say that G is the free product of the groups G; (with respect to the
homomorphisms ¢,) if and only if the following condition holds:
For any group H and any homomorphisms

Y, :Gi—H, i el,
there exists a unique homomorphism f: G — H such that for any i e I, the following diagram is commutative.

}/ ’
G, f

¥ H
The following uniqueness proposition about free products is as follows:

Proposition 2.2

Assume that G and G’ are free products of a collection {G,:i e 1} of groups (with respect to homomorphisms
¢1:G; > Gand ¢’ : Gy —> G’ respectively). Then, there exists a unique isomorphism h: G — G’such that
the following diagram is commutative forany i el:

o
Gl h
P

since we have defined free products of groups and also stated its uniqueness, it remains to prove that they
always exist.

Theorem 2.3
Given and collection {G;:i e I} of groups, the free product exists.

Proof

We define a word in the G;’s to be a finite sequence (X, Xy, ...,x,) Where each x, belongs to the groups G, any
two successive terms in the sequence sequence belong to different groups, and no term is the identity element of
any G;. The integer n is the length of the word. Brown et al(2011) also include the empty word, i.e. the unique
word of length 0. Let W denote the set of all such words.

For each index I, we now define left operations of the group G; on the set W. Let g €G; and

(X1, X2, ...,Xn) € W; we must define g(xy, Xy, ...,xn).

Case 1: x; # G1.Then, if g = 1.
g(Xg, X, .0, Xn)= (X1, X2, .., Xp)-
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We shall also define the action of g on the empty word by a similar formula, i.e.,

g( )=(g).1fg=1, then
9(X1, X2, o0, Xn)= (X1, X, ..., ).

Case 2: X €G;. Then,
g(x x)_ {[gxlrxb---:xnj I‘f gxl"'—t 1
Leodin (29,0, 2,) if gx, =1

(When gx; =1 and n =1, it is understood, of course, that g(x,) is the empty word)
We must now verify that the requirements for the operations of G; on W are actually satisfied, i.e., for any word w,

1w =w,

(gg)w = g(g’w)
Itis clear that each element g of G; may be considered as a permutation of the set W, and G, may be considere as a
subgroup of all permutations of W. Let G denote the subgroup of the group of all permutations of W which is
generated by the unon of the G, 5. Then, G contains each G; as a subgroup; we let,

(7 G, —»G
denote the inclusion map.
Any element of G may be expressed as a fuinite product of elements from the various G, s. If two consecutive
factors in this product come from the same Gy, it is clear that they may be replaced by a single factor. Thus, any
element g =1 of G may be expressed as a finite product of elements from the G, 5 in reduced form, i.e., so no
two consecutive factors belong to the same group, and so no factor is the identity element. We now assert that the
expression of any element g =1 of g in reduced form is unique. If

g = 010z...gm = hihy... 21y

with both products in the reduced form, then m=n and g; =h; for 1 <I <m.
We consider the effect of the permutation g:0;...gm and h;h,...Ay, on the empty word; the result are the words
(01,92 ---.gm) and (hy,h,, ..., Ay), respectively. Because these two words must be equal, the conclusion follows.
We can now verify that G is actually the free product of the G, 5 with respect to the ¢, s. Let H be any group and
let ¥, : Gy — H, | €1, be any collection of homomorphisms. We define a function f: G — H as follows. We
express any given g =1 in reduced form,

0=0102..-8€m Ok € Gy, 1 <1 <m.
and then set

f(9) = (¥101) (¥202)... (FimOm)
We also set f(1) = 1, of course. It is clear that f is a homomorphism, and that f makes the required disgrams
commutative. It is also clear that f is the only homomorphism that makes these diagrams commutative.

3. Statement of The Seifert-Van Kampen’s Theorem

Brown et al(1987) give a precise statement of the theorem. We assume that U and V are arcs/wise-connected
open subsets of X such that X = U U V and U N V is non-empty any arcwise-connected. We choose a basepoint
Xo € U NV for all fundamental groups under consideration.

Theorem 3.1

Let H be any group, and p1, o, and ps; any three homomorphisms such that the following diagram is

commutative:
\n(v) /

Then, there exists a uniqgue homomorphism
o:n(X)—>H

TE
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Such that the following three diagrams are commutative.

s AX) Fa ) Fa AX)

~U) ° V) ° AUAv) |°

pl\AH pZ\AH pg\AH

(Here the homomorphisms ¢, and ¥;, | = 1, 2, 3 are induced by inclusion maps)
The statement of the more general version of the theorem consists in allowing a covering of the space X by any
number of open sets instead of just by two open sets as in

Theorem 3.2

The open set must all be arcwise-connected and the intersection of any finite number of them must be
arcwise-connected and contain the basepoint. We must assume the following hypotheses.

(a) Xisan arcwise-connected topological space and Xy € X.
(b) {U,: AeA}isacovering of by arcwise-connected open sets such that for all
AeAXy €U,
(c) Forany two indices 1;, A, € Athere exists anindex A e Asuchthat U; ni; =1,
(d) (we express this by saying that the family of sets {LJ; }is “closed under ﬁnlte 1ntersectlos”)
Ronald et al(2006) consider the fundamental groups of these various sets with base point X,. For brevity, we omit
the basepoint from the notation.

If Uy = U, , then the notation
U.i,l.,a. TI[:UA:] _:.TI(U,LL:]
denotes the homomorphism induced by the inclusion map. Similarly, for any index A,
Up: m(U;) — n(X)
is induced by the inclusion map U,— X. We note that if IJ; < L"M , the following diagram is commutative.

Uy ¥

Diu X)

Theorem 3.3 AU

Under the above hypothesis the group 7(X) satisfies the following universal mapping condition:

Let H be any group and let 2;: T(LU;) — H be any collection of homomorphisms defined fo all &4 such that
if U, C L"M the following diagram is commutative.

Uy

DPu /
Pu

U,

Then, there exists a unique homomorphism o : #(X) — H such that for any 1 € A the following diagram is
commutative.

ll/l—l
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/y(/' (X)
c
m(Uy)
Pa H

Moreover, this universal mapping condition characterizes #(X) up to a unique isomorphism.

4.  Proof of The Seifert-Van Kampen’s Theorem

Lemma 4.1

The group #(X) is generated by the unuion of the images %[TT[UAJ]J /.

Proof

1
Let a € #(X), choose a pth f : I — X representing «. We choose an interger n so large that - is less than the

Lebesgue number of the open covering {f_l[UA], A € A, of the copact metric space I. Subdividing the interval

. . 1 {(i+1)
| into the closed subintervals J; = [;,

” ], 0 = i = n — 1. For each suinterval J;, we choose an index A; €

A such that f (J) < U, We choose a path g; in U‘,ll._,_ N U, joining the point x, to the point

fli/mn), 1<i<=n—1.Let f;:I — X denote the path represented by the composite function

|y g Ny X
Where h; is the unique orientation-preserving linear homeomorphism. Then

fo-gttg fi87080 Fo 830 o Bpnog facae-8ni1.8n_q - fa_q are closed paths, each contained in a

single open set U; and their product in the order given is equivalent to f.

Hence, we can write
a=0oy. q. &y .... 01
Where g € ¥, [#(U,)],0 <l <n-1.

Proof of the Theorem

Let H be any group and let p;:n(U;) —>H, AeA be a set of homomorphisms satisfying the hypotheses of the
theorem. We must demonstrate the existence of a unique homomorphism o : #(X) —H such that the following
diagram is commutative for any 1eA
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c
(Uy)
PA H

From the Lemma just proved, it is clear that such a homomorphism o, if it exists, must be unique, and must be
defined according to the following rule.
Let @ € 7 (X). Then, by Lemma 3.3., we have

a= ¥, (&) ¥y (). ¥y (o) (1)
Where oy € 7(U,), i = 1,2 ., n Hence if the homomorphism o exists, we must have
o(@) = Py, (o). Pz, (az) Py, (cn) (2)

The strategy involved is to take equatlon (2) as a definition of . To justify this definition, we must show that it
is indepenedent of the choice of the representation of o in the form (1). Clearly, if it is indepenedent of the form
of the representation of a, then it is a homomorphism, and the desired commutativity relations must hold.

To prove that o is independent of the representation of o in the form of (1), it suffices to prove the following
lemma.

Lemma 4.2

Letpren(Uy) i=1 2, . qbesuchthat
3, (B). P (B ‘F.t (o) =

Then the product
Pa, (B Lo, (B Pa, (Bo)

Proof

We choos c{os;j paths
d|l—.,—| = Uy
represenqtlna ﬁl or1=1,2, ..., q. Then the product
1, (Ba)
is clearly ep{ese ted by the closed path f, :[0, 1] —» X defined b
fll L_ - = fla r g
By hypot egls fis equivalent to the constant path. Hence, there exists a continuous map
F:lxl »X
such that, forany s, t e,
F(s,0) = f(s)

F(s, 1) = F(0,t) =F(1,t) = Xo
Let & denote the Lebesque number of the open covering {F‘l(Ux) : A € A} of the compact metric space | x I. (We
give | x | the metric it has as a subset of the Euclidean plane). We now subdivide the square | xI into smaller
rectangles of diameter < ¢ as follows. We choose numbers.

So=0,81,S, ..., Sm=1

to = 0, I, G ... 6= 1
the length of the diagonal of each rectangle is less than . Clearly, a subdivision is possible. We shall introduce
notation for the various vertices, edges and rectangles of this subdivision as follows:

vertices:
Vg=(s1, 1), 0 <i<m, 0 <j<n

subdintervals of | = [0, 1]
-]1 = [St_l,sl], | _<|_<m,

Kl = [tt-lltl]: | _<i_<n,

Rectangles:
Ry=J1xKy, 1 <ism, 1 <j<n,
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Horizontal edges;
ag =Jix{t}, 1 <i<m, 0 <j <n,

Vertical edges:
by = {s3 xK;, 0 <ism, 1 <j <n.
we indicate how a typical rectangle of the subdivision and its vertices andedges are labeled. We also need the
following notation for certain paths:
Ag: i > X, Afs) = F(sit), s €
Bq: Ki = X, By(t) = F(s;t), t eK
For each rectangle Ry, we choose an open set U(1, j) such that F(R;;) < U,

tl A
1
Viij @y Vy
by b,
[ O ——
Vt.1j- Vij-1
K
O
tl 1 >
0 St1 J; Si 1 ”S

Each vertex v, is a vertex of 1, 2, or 4 of the rectangles Ry. Let U, ;) denote the intersection of the corresponding 1,
2, or 4 open sets U, ;). Then, is an open set of the given covering and
F(vi) € Uue
we choose a path
On: 1 = Uuey
with inital point X, and terminal point F(v;) ; if F(v;;) = Xo, we require that g, be the contant path.
We shall now interpolate a sublemma.

Sublemma 4.3

Let U, and U, be two sets of the given open covering of X and let

h:1—->U,nU, h(0)=h(1)=x,
be a closed path. Let o en(U,, Xo) and Ben(U,, Xo) denote the equivalence class of the loop h in the two different
loops. Then, pi(a@) = p.(P)

Proof
The set U, = U,1U,, also belongs to the covering by hypothesis, and h represents an element
X en(Uy, Xo). Then clearly,
a=pAlx)
B= pulx)
Hence,
pi(d) =p; ol x) = plx)
p}t(ﬂ) = Pu (/)Vy[-r] = pV[X]
We can denote the element p;(e) = p,(f) € H by the notation p(h); let
aty = pl(ge1; Ai) (@) ]
B, = pl(9i1By)(@i)™]
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Here, (gi,-)'1 denote the path defined by t—g; (1 - t)
Note that o, and B;; are both well-defined elements of H.
We assert that corresponding to each rectangle R, there is a relation of the following form in the group H:

altlﬂlj ,Blljalj (3)

To prove this, we note first the following equivalence between paths in U,
Ai1 Bij ~BigjAj

We have the following equivalence between closed paths in U,(i,j).
Oi-1,j1AG-1(0511) “9i14By(9y) *~ Gi-1j-1Bi1j(iy) " GioiAi(05) ™ (4)
If we take equivalence class in n(U, j) of both sides and then apply the homomorphism p, j, we obtain
equation (3).
The next relation we need is

ﬁ @pg = ﬁ P (Br)
t=1 k=1

()
Which is an easy consequence of requirement (b) that the pomts =, .- q be included inthe set [s;: 0 I <m}
together with the definitions and constructions we have made. We ha'f/e the rélations.
=1, 1<1<m (6)
B0| :ijzl, 1SJSn (7)
The relations result from the fact that
F(s,1) = F(0,t)= F(1,t) = x, forany s, t € I.
In view of relation (5), we must prove
141
[ [
t=1 (8)
We shall do this by using relations (3), (6) and (7)
First, we show that
m q
[Toses =] o
t=1 k=1 (9)

For any integer j, 1 <j < n. we have

1101 Onjr = 00 j102 1. Ot P DY (7)

= 1001 Omjr Po_1j O by (3)
= 11 Pt Om-1j Omj by (3)
= for 1 Qj ... A1 O by (3)
= jQj ... Om1j Onj by (7)

In all, we must apply (3) m times. If we now apply (9) with j=1, 2, ..., n in succession, we obtain
™

1]_;;[=h:at&;_|_n?l=1 X
sutlby Tse of (6),
t=1
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This completes the proof of (8), and hence of Lemma 4.2.

5. Conclusion

In conclusion, the method of computing fundamental groups illustrates the general principle that calculations in
algebraice topoloy usually work by piecing together a few pivotal example by means of general constructions or
procedure.

We have also used the theorem to calculate the fundamental groups of the circle and of cell complexes and
contracticle space and also of any compact surface.

Finally. Seifert-Van Kampen Theorem can be used to prove that any group is the fundamental group of some
space using the definition of a simply connected space if it is path connected and satisfies ©t;(X) = 0.
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