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2. Introduction and Preliminaries

Impact of fixed point theory in different branches of mathematics and its applications is immense. The first result
on fixed points for Contractive type mapping was the much celebrated Banach’s contraction principle by S.
Banach [13] in 1922. In the general setting of complete metric space, this theorem runs as the follows

Theorem 2.1 (Banach’s contraction principle) Let (X,d) be a complete metric space, c€(0,1) and f: X—X be a
mapping such that for each x, y €X,
d (fx,fy) < cd (x,y) Then f has a unique fixed point a €X, such that for each

xeX, lim,_. f*(x) = a.

After the classical result, Kannan [11] gave a subsequently new contractive mapping to prove the fixed point
theorem. Since then a number of mathematicians have been worked on fixed point theory dealing with mappings
satisfying various type of contractive conditions.

In 2002, A. Branciari [1] analysed the existence of fixed point for mapping f defined on a complete metric
space (X,d) satisfying a general contractive condition of integral type.

Theorem 2.2 (Branciari) Let (X,d) be a complete metric space ,c & (U,l] and let f : X— X be a mapping
such that for each x, y €X,

d (fxf d
fo (Fefy) B(t)dt<c fﬂ (<) @(t)dt where (:[0,+ ©0) —[0,+ ©0) is a Lebesgue integrable

mapping which is summable on each compact subset of [0,+ 00] , hon negative ,and such that for each
£
>0, _,ro B(t)dt  thenfhasa unique fixed point a €X, such that for each x € X,

lim, . f*(x) = a.
After the paper of Branciari, a lot of research works have been carried out on generalizing contractive condition

of integral type for different contractive mappings satisfying various known properties. A fine work has been
done by Rhoades [2] extending the result of Branciari by replacing the condition [1.2] by the following

dix fyi+diy.fx
fﬂd{fmf}rj ﬂ(fjdfg fumax{d{myld{mfxld{y,fyl—z )}ﬂ(f]df

Koparde and Waghmode [9] extended the result of Jungck[6] and Fisher[3] to common fixed points.Here we
proceed to extend and sharpen the main result of

Koparde and Waghmaode [9] by modifying their procedure.

Jungck [6] obtained the following

Theorem 2.3: Let f be a continuous mapping of a complete metric space (X,d) into itself. Then f has a fixed

point in X if there exists & € (0,1) and a mapping g: X— X which commutes with f and satisfies
g(X) & f(X) and d(g().9(¥) ) < & d(f().f(y)) V' xy € X
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Indeed, f and g have a unique common fixed point.
Fisher [3] extended and modified the above result in the form of
Theorem 2.4: Let S and T be continuous mapping of complete metric space (X,d) into itself. Then S and T have

a common fixed point in X iff there exists a continuous mapping A of X into SXM T X, which commute with S
and T and satisfies the inequality

d(Ax,Ay) < d(Sx,Sy) W xy€E X

Where 0 << @ << 1. Indeed S, T, and A then have a unique common fixed point.

Extending further, Koparde and Waghmode [9] obtained the following in setting of Hilbert space.
Theorem 2.5: Let S and T be continuous mapping of Hilbert space (X,d) into itself. Then S and T have a

common fixed point in X iff there exists a continuous mapping A of X into SX1 T X, which commute with S
and T and satisfies the inequality

[Ax — Ayl < @ ||Ax — Sx|| + Bl|Ay — Tyl + y|Sx — Tyl||

For all x,y in X, where ¢, [3,) are non- negative reals with 0 << & + § + ¥ < 1. Indeed, S, T and A

then have a unigue common fixed point.
The aim of this paper is to generalize and modified the above result in integral type mappings.

3. MAIN RESULTS

Theorem 3.1:
Let Sand T be continuous mapping of Hilbert space (X,d) into itself. Then S and T have a common fixed point

in X iff there exists a continuous mapping A of X into SXI1 T X, which commute with S and T and satisfies the
inequality

j;lﬂx_ﬁ}?"z E}(tjdt <a follﬁx—ﬂ:{"z ﬂ(f]dt . ﬁ fc."ﬁ}’—T}’“z m(t]dt
cy 5o @de +5 T a0ar
o fomax{"ﬁ}’—s}“uz JlAy—Txllz}m(ﬂ dt

Forall x,yinX;where &, [3,¥, 3,1 are non-negative realswith0 << & + 5 +2n+y + 6 <1
. Also Ei!:[o,+ 00] —*[0,+ 00] is a Lebesgue integrable mapping which is summable on each compact subset

=
of [0,+ 00] , hon- negative ,and such that for each £ == 0, fﬂ fﬂ(fjdt , then S,T and A then have a

unique common fixed point.

Proof: First of all we prove that the existence of such a mapping A is necessary. For this suppose ,Sz=z=Tz for
some z in X.
Let us define a mapping A of X into X by Ax=z for all x in x. Then clearly , A is continuous mapping of X

into SXM TX . Since, Sx, Tx € X , for all

x € X and Ax=z forall x€ X , we get
ASx =z ,SAx =Sz =z ,ATx=z, TAXx=Tz=z.

Hence, A commutes with S and T. Now forany & , [, ¥, &, 1] with
o<a+ f+2n+y+ 6 <1, itisobserve that
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J-Dllﬁm—ﬂ:;,rll O(t)dt i:aleAx—lel B(t)dt + B IDIIA}?—T}?II O(t)dt
g @de v [T p()ae
+nfﬂmax{||ﬁy—5y|| JAy—Txll }ﬂ(fjdf
Which gives
lz—5xll® lz—TylI%
o<a | d(t)dt + B |, B(t)dt
cr [ owar -5 7 a0t
+nfﬂmax{||z—5y|| Jlz—Txll }ﬁ(f)df

For all x,y in X. This proves the existence of such a mapping A is necessary.
To prove sufficient part, sequence {X,ﬂ} is constructed as follows. Let X5 & X be an arbitrary point .

Since AX € SX, we choose apoint X in X suchthatS x; = A x.

Also AX © TX and hence we can choose X, € X such that Tx, = A x5.
Continuing in this way, we get a sequence {x,ﬂ} as follows :

SXap—1 = AXop_2, TXapy = A X514 n=123 ...

We proceed to show that {AX, } isa Cauchy sequence .

For this we have the inequality,

fﬂﬂﬁxzn—ﬁxzn_iu ﬁ(f)dt :fc:m.x'zn—i—ﬁxzn" ﬁ(f)dt
i:afc:lﬁxzn_l—szn_j_" G(t)dt + B fc:|ﬁxzn—szn|| B(t)dt
. }{fﬂ"gxzn_i—s.?czn" m(fjdf ‘5 fﬂ"ﬁxzn—i—szn" ﬁ(f)dt
max{l|Axzpn —SxznlI® N Axon —Taop—, 1%}
! O(t)dt
i:afjﬁxzn_i—ﬁxzn_z" Ej'(f)dt +ﬁ fcyﬁxzn—ﬂxzn—i" m(f)dt
.\ }erszn_l—ﬂxzn_l" ﬁ(t]dt + 8 f!ﬁﬂfzn—i—ﬂxzn—i" m(t]dt
fﬂmax{"ﬁxzn—ﬁxzn—l" NAxs n—Axzn }E}(t)df ________ (3.1.1)
Case: 1 If

max{||Ax,, — Ax,,_, I, [Ax;, — Axyy s [} = [Ax;, — Axyp s II2
From (3.1.1)
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A%, —Axopn_,|I* lAxopn_y—Axopn ol*
IS O(t)dt <a [ @(t)dt +
A%y —Axsp—yI?
(B+m ], G(t)dt
lAsxyp —Axop 417 @ lAxon_y—Axop olI*
fﬂ O(t)dt < —— fu O(t)dt — — — — — (3.1.2)

Further, it is seen that

"*'g!'-”‘-'z;r':+1_*'g!'-i'ffz;r':"2 "*‘g!'-”‘-'z;r':_*'g'*-”fz:rtﬂ."2
5 @(t)dt = || O(t)dt

<a fllﬂxzn_sxzn" m(fjdf +ﬁ leMzn+1_szn+1" m(t]dt

0
. },fcrlﬁxzn—sxzn+1"zﬂtt)dt s ﬂﬂxzn—mnﬂnzmmﬂ
s [l Ssanal g o 1
_q [l ge L p IRt e
(sl g o

o
This implies that

f||M2n+1_Mznllzﬂj[t)dt - _cr f"szn—ﬂxzn—i"zm(t)dt

1] 1-f—n -0
A%, —Axs I
:;Llfﬂ et A()dt — — — — — (3.1.3)
(4
Where A4 =
ere Ay g1
Case: 2 If

max{||Ax,, — Ax;,_4 %, [Ax;, — Axy, s 173 = [Ax,, — Axy, s IIZ
From (3.1.1)

L L lAx,p—y—Axon_oll®
5 d(t)dt <a [ G(D)de +
lAxzpn—Axzn—, 1% [ e —
Bl @(t)dt +1 [ O(t)dt

i:afJAxZﬂ—:.—ﬂxzn—z" ﬁ(f]df .\ ﬁjc:|AJCzn—ﬁxzn—1|| ﬁ(f]dt

o7 [f!ﬁxzn_ﬂxzn—i" m(t]dt_i_f!ﬁxzn—i—ﬁxzn—z" m(fjdf

lAsxsn —Axypn 4|1 + lAxon_y—Axsn |l
LT e(de < - 7T B(0dt — - — — (3.1.4)

Further, it is seen that

"Jﬂ!*—”‘"z;rt+1_Jg*-*'f"z;rt"2 "Jg!'-f"’z;rt_Jg'*-*'ﬁz:rt+1"2
Jy d(t)dt = |, B(t)dt


http://www.iiste.org/

Network and Complex Systems www.iiste.org

ISSN 2224-610X (Paper) ISSN 2225-0603 (Online) g
voL4, No.§, 2014 3

<a fllﬁxzn_sxzn" E}(f]df +ﬁ jc:mxzn+1_szn+1" ﬂ(f]dt

0

"szn_sxzn 1"2 "szn_szn 1"2
Jy T e(de +6 | = (t)dt
I}

i
o Jgﬁnﬂ—naﬂﬁm(ﬂdt
:QIJ|Mzn—ﬁxzn—1"2m(tjdt ‘B fu
Jlﬁxznﬂ—ﬁxzn-lﬂz B(0)dt

1 |
i:afcyﬂxzn—ﬂxzn—i" m(f]dt . ﬁfJ|ﬂxzn+1—ﬁxzn" m(f]dt

+ n [f”szn+1_Mzn"2 m(t)dt + J‘llﬁxzn_ﬁxzn—illz m(t]dt ]

1] 0

This implies that

A p g —Axapll® a+n lAxon—Axon_4|I®
5 6(dt <7, B(t)dt

a+n

1--n

Where A, =

From both cases
Taking A=max {4, , 4}
0= A <2 1 aswe have

o<a+f+2n<1
Now,from the both cases

j"ﬂxnﬂ—ﬁxn 12
0

B()dt gﬂ,f"ﬁx“_m“‘illz

0 O(t)dt
<A

O(t)dt

lAxy_y —Axy o2
0

fllﬂsxi —Axg|l®
0

For large n. Now, it can be seen that {Hxﬂ} is a Cauchy sequence and so it has a limit x in X. Since sequences

{szm 1 } and {TXE.H} are subsequences of {Hxﬂ} , they have the same limit z. As Sand A are
commuting mapping, we can have
Sz = Iimﬂ_,m SAx2ﬂ+l
=lim,, .. A5x4

=Az
Similarly, we get Tz = Az
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This gives us,
Tz=Az=5z
It comes out that
laz—AAz2 laz—5z]2 lAaAz —TaAzl2
Jy G(t)dt <a | G(D)dt +B | o(t)dt
Az —5Az]I2 lAz—TAzll®
cy [, e@de S [T T o(Dde
{laAz —SAz|® JlAAz-Tz(I*}
fumax Z Z Z = m(t)dt

Commutatively of A with S and T gives the following by
||AAz — TAz|| = ||AAz — ATz||= ||AAz — AAz||=0
And
||Az — SAz|| = ||Az — AAz|| and ||Az — TAz||= ||Az — AAz|]|
Also,
||AAz — SAz|| = ||AAz — ASz|| = ||AAz — AAz||=0

Resorting to these, we arrive at
fjﬁz—ﬂﬁz” O(H)dt < (}’—F 5 +?}'] leﬂz—Aﬂz" O(t)dt

Since @ + f+2n+7y + & < 1,wehavethat Az=AAz.

Finally, putting Az=Z; ,we have AZ; =Az=AAz= Z;

Similarly, TZ4y = TAz = ATz=AAz=Az= Zq,

SZ,=24.

So, Z4 isafixed pointof S, T and A.

Next , to show uniqueness of this Common fixed point , let us suppose that Z, ia also a common fixed point of
S,Tand A other than Z, .

ThenSZ,=2,,TZ,=2,,AZ, =25, and also [|2; — z,||# 0.
Hence, it follows that

J‘D"zi -z, " z ﬁ(tjdt _ f"Azi_AZZ "2 m(t)dt

0

i:ajjﬂzi—ﬂzﬂlzmtﬂdt ‘B ICPAEZ—TZZHZE}(tjdE

. yf!Azl—Szz" ﬁ(fjdf +5f||Azl—Tzz|| fﬂ(f]df

0
—_— z —_—
+nfﬂmax{||ﬁzz Sz, 12 .llA=, Tziuz}ﬂ(t]dt
Implies

2 z,—Z "
2 owar <(y+ s+m) ;77 To@a

0
Which is a contradictionas & + f +2n+y + & < 1.

Thus occurs the uniqueness.
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Theorem 3.2:

Let S and T be continuous mapping of Hilbert space (X,d) into itself. Then S and T have a common fixed point
in X iff there exists a continuous mapping A of X into SXIM T X, which commute with S and T and satisfies the
inequality

jD"ﬂx—ﬁ}?"Zm(t]dt “a fc:|Ax—Sx|| | Ay—syll ﬂ(f]dt +ﬁ fc:Mx—Tx" lAy—Tyll Eﬁ(t)dt
oy 5 ooy 6 15 par
+an|Sx—Tx||zm(tjdt

Forall x,yinX;where &, [3,¥,,1 are non-negative realswith0 << @+ +2n+y+ 6 <1
. Also Efl:[O,+ 00] —*[0,+ 00] is a Lebesgue integrable mapping which is summable on each compact subset

&
of [0,+ OO] , non- negative ,and such that for each £ == 0, fo ﬂ(tjdt , then S,T and A then have a

unique common fixed point .

Proof: First of all we prove that the existence of such a mapping A is necessary. For this suppose ,Sz=z=Tz for
some z in X.
Let us define a mapping A of X into X by Ax=z for all x in x. Then clearly , A is continuous mapping of X

into SXN TX . Since, Sx, Tx € X , for all

x E X and Ax=z forallxE X , we get
ASx =1z ,SAx =Sz =z ,ATx=z, TAx=Tz=z.

Hence, A commutes with S and T. Now forany & , [, ¥, &, 1] with
o<a+fF+2n+ y+ &< 1,itis observe that

| Asc—Sxll | Ay — Syl | Ax—Txll Ay —T¥ll

[ 6wyar <a | 6(D)dt +p |, B(1)dt
. '}ffollx_yllzﬂ(t]dt .5 JrDIISx—Tyllzﬂ&jdt
+?}fc:|5x_Tx"2ﬁ(f)dE

This gives,

o< a fU"Ax_SX" | Ay—5Syll ﬁ(f]df +ﬁ fﬂ"Ax—Tx" | Ay—Tyll ﬂ(fjdf
v [ ot +5 |, 0(t)dt
+T}'f"5x_Tx"2ﬁ(fjdf

0

|Sx—Tvll 2

For all x,y in X. This proves the existence of such a mapping A is necessary.
To prove sufficient part, sequence {xﬂ} is constructed as follows. Let X5 & X be an arbitrary point.

Since AX € SX, we choose apoint X4 in X suchthatS x; = A x,.
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Also AX © TX and hence we can choose X, € X such that Tx, = A x5.
Continuing in this way, we get a sequence {x,ﬂ} as follows :
S x-z.n_l = A in_z , Tx:z.n = .:"-’l xE.n_l n= 1,2,3 [

We proceed to show that {AX,, } isa Cauchy sequence .
For this we have the inequality,

A%, p 4y —Axapll® lA%oy 41 =5%an 41 llAxon =520yl
J, T o(t)dt < a |, B(t)dt
|szn+1_szn+1" "szn_szn”

B ], O(t)dt
"-"f:z.'rt+:|._-"f:z.'rt"z "5—"‘-’2:rt+1_'1"-"f:z:rt"z
7], G(t)dt +& [ O(t)dt

1]
|5 -T 12
£ J‘D Kan+1— 1¥zn+1 ﬁ(fjdf

"szn+1_szn” "szn_szn—lll
<al

. O(t)dt
"ﬁxzn+1_ﬁxzn | "ﬁxzn_ﬁxzn—ill

+ 5 fﬂ O(t)dt

||szn_szn—1"2

+ ']/fc.”xzn-l-l_xzn"zﬁ(-tjdt +5 J_D m(t)dt
+anlez”_M2""zE§(t]dt

llaxz s —axenll?® laxzn—axsn—ql2

< (a +ﬁ)fc,[ : ? ]Eﬁ(tjdt

||szn_szn—1"2

. ]/fu”.?rf'zn+1—xzn" ﬁ(fjdt + 5 fg ﬁ(f)dt
o [yl g ar
This gives
ch:|ﬂxzn+1—ﬁxzn|| ﬂ(t]df < (CE +ﬁ]jﬂ[||ﬁxzn+1—ﬁxzn" +lAxyp—Axon 4l ]E}(tjdt
e 2y [ g de v s [ AR g ar

w2 [l g ar

Resulting in
f;lﬁxzn+1 Mzn" E&(t)dt ‘E (%) J'D" Z1 In 1" E&{:t)dt
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+ (L) f"xzn-"l_xzn"zm(t)dt ____________ (321)
2—a—fF/ J0 o

Further, observe that

lAxsy —Axon_4|I? lAx,; —Sao 1 Axo -y —Saom_yl
J‘ﬂ 21 2Mn—1 ﬁ(tjdt E:(Ifﬂ 1 Zn Zn—1 Z1n—1 ﬂ(tjdt
"ﬁxzn_szn" "ﬁxzn—i_szn—:L"

+ 5 fﬂ G(t)dt
"-"‘Tz:rt_-"‘f'z:rt—illz "5-”‘-'z:rt_'I'-"f"z;rt—ill2
+7, G(t)dt +6 || @(t)dt

0
+1] fﬂnsxz”_sz"" O(t)dt

Simplifying this using Young’s inequality , we get

A% —Axg g I? atf+2 6
Jy d(t)dt < (—z—a—ﬁ )

. (L) f'::'xzn_xzn-iuzmtt]dt ------------ (3.2.2)

2—a—ff

J‘Jlﬁxzn—i_ﬁxzn—z " ﬂ(t)dt

Since @ + +2n+ y + &< 1. wefind that

a+f+2 8 2y
;Ll - —'12 - 2—ax—f

2—a—f

£(0,1)

Suppose, now
A=max{d, ,4,}
then 0 <C A << 1.

From (3.2.1) and (3.2.2) ,we conclude that

jllﬂxnﬂ—ﬁxn 12

B(Ddr < [AmnAenslelAsn s, a7
D —

1]

O(t)dt
5 llAxy_y—Axy_o 12+l Axy —Axy_, 1]
=2, O(t)dt

+1f;||Axn+1—Axn I ]Eﬁ(t)dt

[Ax, —Ax, 12+ 1Ax,—Ax, [I2]
< n J‘ﬂ 1 o Xz 1

B(t)dt + ¢,

For large n.

. Now, it can be seen that {Hxﬂ} is a Cauchy sequence and so it has a limit x in X. Since sequences
{szm 1 } and {Txgﬂ} are sub-sequences of {Axﬂ} , they have the same limit z. AsSand A are
commuting mapping, we can have

Sz = Iimﬂ_,m SAx2ﬂ+l
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= Iimﬂ_,qu S x?ﬂ_l_l
= Az
Similarly, we get Tz = Az
This gives us,
Tz=Az=5z
It comes out that
lAz— AAz]? laz—5Szll|lAdz —SAz]|
Jy d(t)dt <a | o(t)dt
|Az—TzllllAAz —TAz]l
+ 3 _,ru B(t)dt
lz—Azll® |5z—TAz|I2
£y G(t)dt +6 | B(t)dt

oy fD"SZ_Tz"zEﬁ(tjdt

Commutatively of A with S and T gives the following by

||AAz — TAz|| = ||AAz — ATz|| = ||AAz — AAz||=0

And

||Az — SAz|| = ||Az — AAzZ|| and ||Az — TAzZ||=||Az — AAz||
Also,

||AAz — SAz|| = ||AAz — ASz|| = ||AAz — AAz||=0

Resorting to these, we arrive at

f"ﬁz—AAz”zm(t)dt E}{f”z—ﬁz"z

0 0

O()dt +6 fllﬁz—AAzllz

0

O(t)dt

Since ¥ + & << 1, we must have Az = AAz

Finally, putting Az =Z; ,we have AZ; =Az=AAz= Z;

Similarly, TZy =TAz=ATz=AAz=Az= Z,,

SZ,=24.

So, Z, is afixed point of S ,T and A.

Next , to show uniqueness of this Common fixed point, let us suppose that Z; ia also a common fixed point of
S,Tand A other than Z, .

Then SZ;=Z,,TZ,=Z,,AZ; =Z,,and also ||z, —z,]|= 0.
Hence, it follows that

"31_32"2 "-‘131_-‘132 "2
Jy d(t)dt = | G(t)dt
IJ|M1_521 lllAz, -5z, "@(f]df
"Azi_sz_" "A-E-'Z_Tzz "

+ 5 fu B(t)dt
+ }rf”zl_zzuzﬂ(t]dt +6 fﬂ”szl_Tzz I

1]

+?}'f0"531_T31" ﬂ(f)df

O(t)dt

Implies

10
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1527 0wmar <y + 9 [ da

0

Which is a contradictionas & + f + 2n+ y+ 6§ < 1.

Thus occurs the uniqueness.

Theorem 3.3:
Let S and T be continuous mapping of Hilbert space (X,d) into itself. Then S and T have a common fixed point

in X iff there exists a continuous mapping A of X into SXIM T X, which commute with S and T and satisfies the
inequality

lax-ayl/a
J;

oy oy
odt <a [ “oade +p [T o0)dt

0

w— pr'rq w— pr'rq
I ot 6 5T 00

L L
max{|mx—Tx|| /e ||ay—syll ,q}

+nfﬂ ﬂ(f]dt

Forall x,yinX;where @&, 3,7V, &, 1 are non-negative reals with 0 << @ +
p
F+n+2(y+ 6)2 /a <2 1 where p,q are positive real numbers with

pfq < 1 Also Efl:[O,+ 00] —#[0,+ 00) is a Lebesgue integrable mapping which is summable on each

=
compact subset of [0,+ OO] , non negative ,and such that for each £€ = 0, fﬂ ﬂ(fjdf ,then S,;Tand A

then have a unique common fixed point .
Proof : First of all we prove that the existence of such a mapping A is necessary. For this suppose ,Sz=z=Tz for
some z in X.

Let us define a mapping A of X into X by Ax=z for all x in Xx. Then clearly , A is continuous mapping of X

into SXM TX . Since, Sx, Tx € X, for all

x € X and Ax=z forall x€ X , we get
ASx =z ,SAx =Sz =z ,ATx=z,TAx=Tz=z.

Hence, A commutes with S and T. Now forany & , [5, ¥, &, 7] with

B
o<a+f+n+2(y+ 6)2 Kr‘?-ii 1, itis observe that

o
J-llﬁx—ﬁyll ‘q
0

By il
6adt <a [ T o@)de +p [T 60t

0

w— pr'rq w— pr'rq
I ot 6 5TV 00

L L
max{"ﬁx—Tx" /e ||ay—syll ,q}

+nfﬂ ﬂ(f]dt

p." p."
lAx—Sxll /@ lAy—Tyll /@
Which givesO‘E{IfU T T a()de + B fﬂ U B()de
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(2N
lax—syll /2
+Y fc.

plr
B(t)dt + 5 fD"Ax_TF" " 0(t)dt

v, v,
max]llax-Txl /2 llay-syll /2 ()
7 fﬂ (t)dt
For all x,y in X. This proves the existence of such a mapping A is necessary.

To prove sufficient part, sequence {xﬂ} is constructed as follows. Let X5 & X be an arbitrary point .

Since AX © SX, we choose a point X4 in X suchthatS x; = A x,.

Also AX C TX and hence we can choose X, € X such that Tx, = A x,.
Continuing in this way, we get a sequence {xﬂ} as follows :

SXppq =AXgp o, TXopy =A%, 7 n=123..........

We proceed to show that {Axn} isa Cauchy sequence .

For this we have the inequality,

p."
f"szn+1_szn" a

Dy
—Sazn44ll 79
. 0(0)dt < a [, g0

p."
"szn_szn" a

+5 fu G(t)dt

Py il
N 105 T N K Y

0 0
Dy D,
max{||szn+1—szn+1|| /q ,||szn—5xzn|| "lq}

+1 B(t)dt

oy oy
f"szn+1_szn" a ||A—"Czn_szn—1" a

) B(t)dt + B jﬂ O(t)dt
x _ p;'rq — pa"rq
. ]”fDHA ZN+1 szn—j_" Eﬁ(f]df ‘5 fJ'szn+1 szn—i"

vy Uy
max{"ﬂxzn+1—ﬁxzn" "q,"szn—szn_i" ,-q}
+n ]y

O(t)de
O(t)dt

oy By
f||M2n+1—Mzn|| q lAxspn—Axspn—, Il 2

. B(t)dt + B | O(t)dt

plr
— — iq
oy + 8 f Al g g

vy Uy
max{"ﬂxzn+1—ﬁxzn" "q,"szn—szn_i" ,-q}
+n ]y

O(t)dt
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_ Pla _ Fla
< (Ifc:|ﬁ.7«:zn+1 Axyyll ﬁ(f]df +ﬁ fcyﬂxzn Axgpn_4l ﬁ(fjdt

p."
f”ﬁxzn+1_ﬁxzn" a

plr
f"szn_szn—lu a
]

1]

(Y + 5)2% [ O(t)dt + G(t)dt

1o Dy
max{"ﬁxzn+1—ﬁxzn" "q,"szn—szn_i" ,-q}

w1, G(t)dt

Because ||a@ + b|| < 2P(||al|® + ||lal|?) for o< p < 1

3.3.1

Case:1 If

v pel P
max {llﬁx2n+l - szn" 'Hrq » "szn - Ax?n— 1 " 'rqu} = "Ax2‘1‘1+ 1~ szn" f(q
From (1.5.1)

plf
f"szn+1_ﬂxzn Ia
0

O(t)dt < a |

0
p."
||szn_szn—1" a

+[5 fu O(t)dt

By By
f"ﬁxzn.Fi—ﬁxzn" ‘q flleZn—AxZﬂ—j_" ‘q

1]

O(t)dt + O(t)dt

Py
_ ({I + 1 + ( v + 5)2pKrQ')f"szn+1_szn" q E‘j(tjdt

0

o
Az —Axypn_y|l 79

+(p+Cr+ 02 B(0)dt

0

Which leads to

ﬁlr
jllﬂxzn+1_ﬁxzn Ia
]

(1—a—n—C(y+ ®27) O(t)dt <
(B+Cy+ 8)274)

Which vyields

oy By oy
lAx,5 41 —Ax,pll /4 B+( y+ &2 /9 lAx,n —Axyn 4|l /4
O(t)dt = , O(t)dt
f':l' 1-a—-n—{ y+ 5:]21?""? 0

plr
f"ﬁxzn_ﬁxzn—:." a
0

O(t)dt

(3.3.2)

Similarly we have
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oy D, oy
— iq /g — iq
f"szn Axon |l Eﬁ(f]df < F+( y+ 8)2 - lAxsp—y —Axyp ol ﬂ(f)df
0 1—a—-n—( y+ &)z 21/ 70

(3.3.3)

Hence , one concludes that

Dy oy By

Ax —Ax |l 4 /q Axy—Ax,_, | 9

J‘ﬂ" 41 n" ﬂ(tjdt -i': ,E‘l'l: }"'+ E]E - Jr" 1 1 1" m(t]dt
1-a—n—{ y+ &)z /2 )0

Which implies that

v, o
fumﬂ—axnnmmdti( +(y+ 82 /0 ) [l —Aen-sl g gy

i
0 1-a-n-( y+ &)2 /2 0

< 2 [ mnel gy g

9.
e, P
B+(y+&)2 9
plr
1—a—n—( y+&)2 /2

Where A4 = (
Case: 2 If

P P P
max {[|A% s — Ao, ll /7, [1A%s, — Ay s | /2} = [|AXz, — Ay s [ /%
From (3.3.1)

plr
f”ﬁxzn+1_ﬁxzn" ‘a
li]

O(t)dt < a [

li]
p."
||szn_szn—1" a

+ 5 fu O(t)dt

plr
f”ﬁxzn+1_ﬁxzn" a
li]

Wy + 8)2a [

— pf'rq
+n fD"szn szn—i" ﬂ(t]dt

o
- (a: +(y+68)27 ) fu"‘g’xz"“_”“" "o(0)dt

P!.f
"ﬁxzn_ﬁxzn—:." a

c(B+n+(y+ 827 ], o(t)de

This leads to

p.r
(1 —a—(y+ 6]2pfr4)f||ﬂx2“+1_mznu qﬂ(t]dt <

0
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oy
(ﬁ +n+(y+ 5]2%)]"‘&"‘2“_‘*"2“‘1" "o(dt

1]

Which yields

! s !
f"sznﬂ—sznllp’q B()dt < (,9+,;.+{ v+ 5)2 m) | Ay —Axy il /@ B dt

p."
0 1-a—( y+ &)z /8 0
(3.3.4)

Similarly we have

oy D, oy

[ ES Ny — 8§12 19\ clAxgpq_y—Axoy ol /2

J‘ﬂ zn ZH—1 'ﬁ(f]df < (f+ﬁ'+§ }": Sipfq) ; zn—-1 -2 Eﬁ(f)df (33.5)
—a—(y

Hence , one concludes that

oy 12 By
Ax —Ax q iq A —Ax. iq
J‘" 41 n" ﬂ(tjdt -i': ,E+1’_'|'+|:: ¥+ 5:]2pr J‘" 1 1 1" m(t]dt
0 1—a—{( y+ &)2 q 0

Which implies that

)

p, \ /p
(el 0 40 i(ﬁﬂﬁ( y+6)2 ‘?) [lanen-sl 1y gy

pl.-
0 1—a—( y+6)2 /1 0

"—"!UCn _A-'xn—j_ "
<2/,

O(t)dt

Uy
v, D
B+n+( y+8)2 /4
;_E'I.-
1-a—( y+ 8)2 /9

Where A, = (

From both cases
Taking A=max{4;,4,}

0< A <C 1 aswe have

j2)
o<a+B+n+2(y+ &2 la<1
Now ,from the both cases

f"ﬂxnﬂ—ﬁxn |

Fe——
s O()de =a [

1]

O(t)dt

< 22 fglﬁx”'l_m"‘z"m(t]dt
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| A, —Ax, |l
[, P e(ndt

For large n. Now , it can be seen that {Axﬂ} is a Cauchy sequence and so it has a limit x in X. Since

sequences {SX5,4 1 }and {TX,,, }are subsequences of {AX,,}, they have the same limit z. As Sand A
are commuting mapping, we can have
Sz = lim.n_,m S‘q'xz']‘l+l

=Az
Similarly ,we get Tz = Az
This gives us ,
Tz=Az=Sz
It comes out that
laz-Aazla laz—szll/a lAAz-TAzll"/a
Jy O(t)dt <a [ d(t)de + B [, @(t)dt
By pr
lAz-5Az]l /4 lAz—TAz|l /@
T S T(5 T 1 N N [( I
v, v,
max|lAz-Tz|l /% J|AAz—SAz]| /9
+7 fﬂ { }E}(f]df
Commutatively of A with S and T gives the following by
||AAz — TAz|| = ||AAz — ATz||= ||AAz — AAz||=0
And
||Az — SAz|| = ||Az — AAz|| and ||Az — TAz||= ||Az — AAz|]
Also,

||AAz — SAz|| = ||AAz — ASz|| = ||AAz — AAz||=0

Resorting to these, we arrive at

By P
fﬂuﬁz—ﬁﬂz” qﬂ(fjdt < ('jf—F 5) fﬂ"ﬁz—ﬂﬂz" qﬂ(fjdt

Since ¢ + 5+ +2( y+ 5)21:!{‘? << 1, we must have Az = AAz

Finally, putting Az = Z; ,we have AZ; =Az=AAz= Z;

Similarly, TZ; =TAz=ATz=AAz=Az= Z,

SZ,=2;.

So, Z, is afixed point of S ,T and A.

Next , to show uniqueness of this Common fixed point , let us suppose that Z, ia also a common fixed point of
S,Tand A other than £ .

ThenSZ, =2, ,TZ, =25 ,AZ, =25, and also [|2; — z,||# 0.

Hence, it follows that

L laz,—az,|'/a
Jy o(t)dt = [ o(t)dt

1]

p." p."
lAz, —S=z, |l /@ lAz, Tz |l /4
saf T o@dtp [T

O(t)dt
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lAz,—Sz,1'/a lAz, ~Tz, I /a
z,-5= -1z
vy T 0mdt+s [t T B(t)dt
o, o,
max "ﬁ.E.'j_—TZj_ " ’Iq;"ﬁZz—SZz” q
+7 fﬂ { } G(t)dt
Implies
P lz, -z, /a
Z4—Zo Z4—Eg
J, O()dt <(y+ &), @(t)dt

p
Which is a contradictionas & + 8§ +1 + 2( y + &)2 /a < 1.

Thus occurs the uniqueness.
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