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Abstract

In the present paper fixed point theorems are proved for 2- metric spaces with continous convex structure for
more generalized conditions.
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1. Introduction & Preliminaries: Since Banach’s fixed point theorem in 1922, because of its simplicity and
usefulness, it has become a very popular tool in solving the existence problems in many branches of nonlinear
analysis. For some more results of the generalization of this principle.

Theorem 1A: Banach [1] The well known Banach contraction principle states that “If X is complete metric
space and T is a contraction mapping on X into itself, then T has unique fixed point in X”".

Theorem 1 B: Kanan [16] proved that “If T is self mapping of a complete metric space X into itself satisfying:
d(Tx,Ty) < nld(x, Tx) + d(y,T¥)]

forall x,ye X, and ne [U, ﬂ Then T has unique fixed point in X.

Theorem 1C: Fisher [9] proved the result with
d(T=Ty) = pld(Tx.z) + dTy.y¥)] + 6d(xy)

forall x,ye X, and p &€ [U; ﬂ Then T has unique fixed point in X.

Theorem 1D: A similar conclusion was also obtained by Chaterjee [3].

d(Tx,Ty) < ul d(Ty.x) + d(Tx,y)]
forall x,yeX, and ne [UJ ﬂ Then T has unique fixed point in X.

Theorem 1E: Ciric [5] proved the result
d(Tx,Ty) < nldx.Tx) +d(y. Ty)]
+ wpld(x. Ty) + d(y.Tx)]
+6 dlx,v)
forall x,y € X, and nué € [0,1). Then T has unique fixed point in X.
Theorem 1F: Reich [22] proved the result
d(Tx,Ty) £ pldlxTy) + dly.Tx)] +6 dlx,v)
forall x,y € X, and p, & € [0,1). Then T has unique fixed point in X.

Theoreml1 G: In 1977, the mathematician Jaggi [14] introduced the rational expression first

dizT2)d(y,T¥)

dTx.Ty) < p —- ar

+ dd(x.v)

forall xy EX.x#y, B.6€[01) and 0 = &+ B < 1. Then T has unique fixed point in X.
Theorem1H: In 1980 the mathematicians Jaggi and Das [15] obtained some fixed point theorems with the
mapping satisfying:

dixT2)d (y,ry)
dlzy)+dly,r2)+dlzTY)

d{Tx,Ty) < adlx,y) + B
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for all zyeX,x=y, B.6e[01) and 0= 6§+ F < 1. Then T has unique fixed point in X.

These are extensions of Banach contraction principle [1] in terms of a new symmetric rational expression.
Takahashi [30] has introduced the definition for convexity in metric space and generalized some fixed point
theorems previously proved for the Banach space. Subsequently, Mochado [28], Tallman [31], Naimpally and
Singh [29], Guay and Singh [26], Hadzic and Gajic [27] were among others who obtained results in this setting.
This paper is a continuation of the investigation in the same setting in form of Altering distance function
motivated by Sharma and Devangan [23], Sharma , Sharma, Iskey [24]

To prove the main result we need following modified definitions:

Definition2.1. Let X be a 2-metric space and I be the closed unit interval. A mapping W: X x X = I = X is said
to be a convex structure on X if forallx,y EX.A el a>0

diu, Wix.y.2).a) < Ad(u.x.a) + (1 — Ad(u.y.a), forallu € X.

The metric space( X, &) together with a convex structure is called the Takahashi convex metric space.

Any subset of a Banach space is a Takahashi convex metric space with

Wi,y 1) =Ax+ (1—4).

Definition 2.2 Let X be a convex 2-metric space. A nonempty subset K of X is said to be convex if and only if
W(x.,v.1) € K whenever x,y e K,A €.

Takahashi [5] has shown that the open and closed balls are convex and that an arbitrary intersection of convex
sets is also convex.

For an arbitrary A4 = X, let

(1) W) =W,y A:x,ye A d1ell

It is easy to see that
W:P(X) = P(X) is a mapping with the properties:
(i) Ac W(4), fordc X,

(ii) Ac B=W(4A) cW(B), forA.B € P(X),
(i) WA nB) cw(d) nW(B), forany 4, B € P(X).

Using this notation we can see that K is convex iff W(K) c K.
Definition2.3. A convex 2-metric space X will be said to have property (7} iff every bounded decreasing set of
nonempty closed convex subset of & has nonempty intersection.
Definition 2.4. Let X be a convex 2-metric space and 4 be a nonempty closed, convex bounded set in X. For
x e X, a>0letusset
r(4) = sup d(x. y.a).
yEA
And r(4) = inf,_s r(4).
We thus define 4z = {x € A:, (4) = r(4)] to be the centre of 4.
We denote the diameter of a subset A of X by
6(A4) = supld(x,y.a ):x,y € 4}.
Definition2. 5. A point x € 4 is a diametral point of 4 iff
sup dx, y.a) = &(4).
VEA

Definition2.6. A convex 2-metric space X is said to have normal structure iff for each closed bounded, convex
subset 4 of X, containing at least two points, there exists x € A, which is not a diametral point of 4.

Remarks Any compact convex 2-metric space has a normal structure.

Definition 2.7. 4 Convex hull of the set A4 = X} is the intersection of all convex sets in & containing 4, an is
denoted by convex A.

It is obvious that if A is a convex set, then

W) =W (WWQ)...)) € Aforanyn € N,

If we set

Ay = WRCA), (4 € X),

Then the sequence {4,1,eN will  be increasing and lim supd, exists, and lim
sup 4, =liminfd, =lim A, =U;_, 4,.

In 1984, M.S. Khan , M. Swalech and S.Sessa [19] expanded the research of the metric fixed point theory to a
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new category by introducing a control function which they called an altering distance function. Motivated by

them we find the same for 2- metric spaces as follows

Definition 2.8 ([19]) A function ¥ : R N —R ., 1s called an altering distance function if the following
properties are satisfied:

W) w)=0s1=0

(v,) w is monotonically non-decreasing.

(v;) w is continuous.

By y we denote the set of the all altering distance functions.

Theorem2.9 ( [49] ) Let (M,d) be a complete 2-metric space, let €W and let S:M — M be a

mapping a > 0 which satisfies the following inequality
Y[d(5x, 5y, a)] < a¥P[d(x, v, a)]

For all x,y € M and for some 0 <a <1 .Then § has a unique fixed point z, € M and moreover for each

xeM limS"x=z,

n—o0

Lemma 2.10Let (M, d) be 2- metric space. Let {x, } be a sequence in M such that
ni2®[d(xpxpsr.a)] = 0
If {x } is not a Cauchy sequence in M , then there exist an &, >0 and sequences of integers positive
m(k)} and {n(k)} with
m(k) > n(k) > k

Such that v [d{xm[k).xn[k)uﬂ]] >ep ¥ [d{xm[k—lj.xn[kjﬁﬂ}] = £p

(i) J;;_[g.u:[1lrJr [d{xm[k—i;..xn[ku).s ﬂ]] = £p

(i) k-[f:[f'r [d{xm[kj.xn[k).ﬂ}] = €p

(iii) 20 [d(x ey i, o0)] =&

Remark 2.11 It is easy to get
k—[ﬂw [d{xm[k+lj.xn[k+1.j.* ﬂ}] = €p

Definition (2.12) A 2- metric space is a space X in which for each triple of points X, y, z, there exists a real
function d (X,y,z,) such that
[M;] to each pair of distinct points Xx,y,z,
d(xy,z)#=0
[M;] d (x,y,z) = 0 when at lest two of X,y,z are equal
[Ms]d (x.y,2) = d (y,zx) = d (x,2,y)
[My] d (x,y,2) <d (x,y,v) + d (x,v,2) + d (v,y,z) for all x,y,z, v in X.
Definition (2.13): A sequence {x,} in a 2-metic space (X,d) is said to be convergent at x if

limit d (x,, x, z) = 0 for all z in X.

n—o

Definition (2.14) A sequence {x,} in a 2-metric space, (X, d) is said to be Cauchy sequence if

limit d (x,, X, z) =0 for all z in X.
m,n —co
Definition (2.15) A 2-metic space (X, d) is said to be complete if every Cauchy sequence in X is convergent.

Also, we need the following propositions:
Proposition 1[23]. Let X be a convex 2- metric space. Then
(2) conr A =limA4, =Uz_,A,.(AcX)
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In the remaining part of this paper (X, d} will denote a convex 2-metric space.
Proposition 2 [ 23]. For any subset A of (X, d]
&lconv A) = 6(A).

3. Main result

Now we prove the following
Theorem 3.1. Let a function i : R, — R, is an altering distance function. (X,d) be 2- metric space with

continuous convex structure and let X be a closed convex bounded subset of (X, & with normal structure and
property(C)
If 4:K — K is a continuous mapping such that for x,y¥ € K,a>0
d(x,y.a),d(x, Ax,a),d(y, Ay.a), d(x, Ay, a), d(y. Ax, a)
(3) Wd(Ax, Ay.a) = [Fmax{ x 2 . e i = jrz }
d(x, A’x,a),d(y, A%y, a), d(Ax, A’ x, a), d(4y, A’y a)

Then A has a fixed point.
Proof. Let F be a family of non-empty closed convex subsets F = K so thatd(F)} = F, then F is non-empty
sincek € F. We partially order F by inclusion, and let § = {F;};z. be the decreasing chain in F. Then by
Property (£} we have that
B=[)&=o
=

So,
F,eF,
Therefore, any chain in F has a greatest lower bound, and by Zorn’s Lemma there is a minimal member F in F.
We claim that F is a singleton set. If not, then, as shown by Takahashi [5], the centre of I, denoted by Fy, is a
non-empty proper closed convex subset of F. Now, it is easy to see that
S(F)=v(F) = &(F).
Now, let us define a sequence Fy = F, and
Fi,, = conv(F, WA(E)).k =0.1,...
Clearly, F; © K. .. (K = 0.1, ...7). Thus we shall prove by induction that

4) &y =68(F)=r(F)=v foranyk EN.

For k =10 (5) is valid. Suppose that it is valid for k& = 0.1, ...#1% then we show that it is also valid for
k=m+1.
By definition of & (F) for any sequence {zn}. 2, = 0(n € N),lim,,__ &, = 0, there exist £,. % € Fy .4, so that
Gy — &n = d(Zp To).
Then, by proposition 2 we have three cases:

(1) ¥ €Frin=12..)

(i) Zpo=xp T = AWp(xp ¥ EF.n=01..]

(iil) £ = Axp ¥ = Avp(xp. ¥ € Fp.n = 0.1,..)

Considering the first case it is clear that &4 = 7. So, let us see the second one. For any x € Fy thus we have
(5) dix. Ax.a)} =r

We assume that (6) is valid for x € Fp(k = 0,1,....m — 1} and prove that it is valid for k = nt.
For any x € Ey, by preposition 1, x € W™ (E, _, U A(E,,_,)) for some ny € N. Then
(6) Wd(x.Ax.a) = X, vjPd(x;Ax, a) + X, vj¥Pd(Ax; Ax.a),

Forx; € Bp_y,j € I = I, U I, (Ifiniter set), Iy N I3 = @and ;o vj = 1,9 = 0 forj € I In (7) is sufficient to
look only for the case wthen X, ¥j # 0.

Further, we have

wd(x, Ax,a) < X, vj¥d(x; Ax.a) + %, % Pd (ax;.x. )

E_J'Efgzj ¥ W{i{x ';ij'aﬂ} + EJ'EE§3) ¥ Wd{x L Ax, ﬂ]
E_jefﬁ"j ¥ Eﬂ’d{xj.ﬁx, -:1} + EJ‘-ErEEj ¥ Wd{xj-,ﬂxj-,a]
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E;E i ¥ ¥d (x;,4%x;.a) + EJ.EJ,?; ¥¥d(x .A’x,a)
E;Erfj ¥ Eﬂ’d{ﬂxj,r’lzxj,a} + Eje:fj ¥ Pd(Ax A%x .a)
Where we suppose
for I € IV that¥ d(Ax; Ax,a) < Wd(x;.x. a)
for I € I} that ¥' d(Ax;,Ax,a) < Pd(x)Ax}.a)
for I € I¥ that¥ d(Ax; Ax,a) < Wd(x,Ax, a)
for I € I}” that¥ d(Ax;,Ax,a) < Wd(x;,Ax, a)
for I € I}¥ that Wd(Ax;,Ax, &) < Wd(x ,Ax;.a)
for I € IL™ that Wd(Ax;, Ax, @) = Pd(x; A x;,a)
forI € IL” that¥ d(Ax;Ax,a) < Wd(x,A%x,a)
for I € IL¥ that¥ d(Ax; Ax) < Wd(Ax,4%x))
forl I.jg:' that Wd(Ax; Ax, a) < Pd(Ax . A*x ,a).
Now, using the hypothesis, one can see that
Wd(x, Ax.a) < EJ'EH ¥ ¥d {x-, Ax, a} +r EJ.EI.:i:.}]-
2
+ EJ.EJ,.::; ¥ Eﬂ"dl[x -,A:c_]-,a} + Ej'Ef{gj ¥ E"’dl[:c LAz, a.}
2 i
+ EJ’EIE“ ¥ Wd{xJ-Jﬂx ,a} + E_J'Efgsj ¥ ¥d {xJ-JAxJ-,ﬂ]
+ Ejer{‘:' ¥ Fd {xj-, A? x_,-,a.} + E;‘er{?j ¥ T {xj-, Arx, a]
] ]
+ E;‘Erfj ¥ Eﬁ’d{ﬂx LA xj-,a.} + EJ.EIEq; ¥ ¥d {.-’lx LA, a.}
Since by induction, similarly, we have
Vd(x, Ax.a) = EREJ..;Q BrWd(%k. x;.a)
i)
+ Ek EJ;E_:;,ER Wd(zk, Afk,a) + Ekej}lsj By Wd(xj, Axj, @)
+ Ek Ej?jﬁk VYd(zk, Axj.a) + Ekﬂ.}sj Bx¥d(x;, ALk, a)
+ Ek EJ.}G},ER Pd(gk, A Sk.a) + Ekej}?j BiWd (x;,A* x;, @)
+ Ek EJ{_sj,ER Wd(Afk, A*%k.a) + Ek EJ.{_@},ER Pd(Ax.A'xa),
i i
for £k € F_y (k € J; = Uy ;" Tiey, B = 1and B 2 0,k € ], _ (0 # 0). Therefore
7

d(x, Axja) =vr
and
Wd(x, Ax,a) < ¥;., v,%d (x;, Ax.a) + r(EJ.Eéi; + EJ.EIEI; + EJ.EJ,EE;] ¥
+ EJ.EIEE; ¥;Pd(x, Ax, a) + E;Ef;*i'-*’; Wd(x, Ax, @)
Fixed point theorem in convex metric space
+ EJ.EI{ij ¥ Ef*'a:il[x ., A% :::J-,a.} + EJ.EI{;-;}-]- W (x, Ar, o)
2 z

+2. {sj}j-@‘d{ﬂxj-,ﬂzxj-,a} +EJ.Er§q;}j-¥’d{AxJ-,Aix,a.} .

JjEl;
After not more than 1y steps we shall that
Pd(x,Ax.a) < X wd(v, Ax, a) + ¥jr,
for
¥ z0ie{jur
Yo+ Ljeryy =1
And
P i A
Since Fy is the centre we have that
dr, Ax,a) <r,
Which implies that
Wd(x, Ax) < rforallx € F.
Similarly, we can prove that
Wd(x, Ay,a) = r forall x.y € F;.
So, in the second case we have

28



Network and Complex Systems www.iiste.org
ISSN 2224-610X (Paper) ISSN 2225-0603 (Online) g
Vol.6, No.2, 2016 “STE

Gy — &n = Vd (& Vn.0)

= Wd(x,. Ay, =rforn EN,

And consequently

Omar =7

Using (4) it is easy to prove this inequality for case (iii). Thus,

dp =rforallme N,

Let us define F= = Uf_y F;.

F, is non-empty. So, F~ is non-empty too.

Since 8(F=) < r&(F),F™ is a closed proper subset of F.
Moreover, W is continuous and that closure of convex set is convex.
Since mapping 4 is continuous so,

A[(FT)1 = FT And therefore F= is a subset of F, which is a contradiction to the minimality of F. Hence, F
consists of a single element which is a fixed point for A.
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